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Raman elastic geobarometry has increasingly been used complementary to metamorphic phase equilibria to es-
timate the conditions of recrystallization inmetamorphic rocks. The procedure of applying Raman elastic barom-
etry to host-inclusion mineral systems requires several steps that involve various assumptions. One of the most
essential assumptions is that themineral host-inclusion system behaves in an elastic and reversible manner. We
discuss the discrepant results obtained by different authors employing different analytical solutions for elasticity
and explore the assumptions lying behind each method. Furthermore, we evaluate numerically linear and non-
linear elastic solutions and show their discrepancies. Both formulations are tested against recently published ex-
periments on quartz inclusions in garnet (QuiG) at pressures up to 3 GPa, andwe find a very good agreement be-
tween calculated and experimental pressure values (within 10% relative error). We subsequently apply our new
elastic geobarometer to a calc-silicate gneiss from the RhodopeMetamorphic Province (N. Greece). The results of
Raman elastic barometry combined with garnet-clinopyroxene geothermometry yield eclogite-facies conditions
(~720± 40 °C, ~1.5 ± 0.2 GPa). These results are comparable to a high-temperature metamorphic overprint de-
duced from phase equilibria modeling in surrounding lithologies (730± 40 °C, ~1.2 ± 0.1 GPa). Our findings in-
dicate that the estimated pressure from Raman elastic barometry is consistent with a significant viscous
relaxation at high temperatures. We conclude that although Raman elastic barometry is a powerful tool for pres-
sure estimation in metamorphic rocks, its pressure estimates do not necessarily correspond to entrapment con-
ditions. Our results are consequential for the estimates of reaction overstepping in high-grade metamorphic
rocks.

© 2020 Elsevier B.V. All rights reserved.
1. Introduction

Rock microstructures develop as a result of action of physical and
chemical processes that take place in response to changing pressure
and temperature (P–T) conditions. In addition to geothermobarometry
and phase equilibria, whichmostly rely on chemical changes, mechani-
cal equilibria between different minerals/fluids can also be used to ex-
tract information about the P–T conditions prevailing during
metamorphic recrystallization. Some of the early applications of me-
chanical effects to estimate P–T conditions come from the study of
fluid inclusions (e.g. Roedder and Bodnar, 1980). The rationale behind
such studies is that, once trapped in a hostmineral, a fluid cannot adjust
its volume freely, and therefore it will adjust its pressure, thus following
a different P–T path compared to its host phase. This principle has not
only been applied to fluids and/or melts but also to solid mineral inclu-
sions and is commonly referred to as elastic geobarometry or elastic
geothermobarometry (e.g. Angel et al., 2015; Enami et al., 2007;
Rosenfeld and Chase, 1961; Zhong et al., 2019). The major assumption
behind elastic geobarometry is that the host and the inclusion have
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Fig. 1. (a) Hypothetical section through a spherical inclusion that resides in the center of a
spherical host. Both materials are considered to be linear-elastic and isotropic solids. The
outward/inward directed arrows indicate the balanced forces that are applied at the
inner surface of the inclusion/rim interface and the outer surface of the inclusion
respectively. The distance (r1, r2) has been normalized to the radius of the inclusion (Ri).
Note that the radial stress is defined as the radial force over the surface to which it is
applied, and therefore the radial stress generally varies as a function of distance. By
convention, stresses are negative and pressure is positive in compression. In the absence
of differential stress, the radial stress is equal to the negative of pressure. (b) Differential
stress (σd) and pressure (P) for a hypothetical inclusion/host system. The inclusion and
its host were initially at 1 GPa ambient pressure (hydrostatic) and were then
decompressed to 1 bar (10−4 GPa). The rim has a bulk modulus of 170 GPa and a shear
modulus of 90 GPa and the inclusion has a bulk modulus of 37 GPa and a shear modulus
of 44 GPa. The stress field was calculated using the analytical solutions of Bower (2010).
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experience initially the same pressure and that deformation of the host-
inclusion system is elastic, hence reversible, and can therefore be
inverted to obtain the entrapment pressure of the inclusion.

Several formulations have been proposed for the calculation of min-
eral entrapment pressures but their outcomes do not always mutually
agree (Angel et al., 2014; Carlson et al., 2009; Enami et al., 2007;
Guiraud and Powell, 2006; Van der Molen and Van Roermund, 1986;
Zhang, 1998). In addition, several factors seem to affect the results ob-
tained by different formulations but their relative importance is not al-
ways assessed and/or addressed. Such factors comprise the viscous/
plastic relaxation of the pressurized inclusions (Dabrowski et al.,
2015; Zhang, 1998; Zhong et al., 2018, 2020), mineral anisotropy
(Mazzucchelli et al., 2019; Murri et al., 2018), the effect of shape and
proximity to the free surface (Mazzucchelli et al., 2018; Zhong et al.,
2020) as well as the elastic moduli derived from mineral equations of
state (EOS) (Angel et al., 2014, 2017a). If the rheology of the host-
inclusion system is known, pressurized mineral inclusions have the po-
tential to provide robust barometric information but also valuable esti-
mates of the differential stress of their host minerals at geological (not
necessarily entrapment) conditions that are characterized by elevated
temperatures and slow strain rates compared to laboratory studies.

In this work, we investigate the various forms of elastic solutions
that have been proposed in the geological literature. We first present
the basic solutions of host–inclusion elasticity and provide some calcu-
lated examples of pressure and differential stress distribution in isotro-
pic materials. By pressure, we refer to the negative of themean stress in
a solid material. We then explore the root cause of inconsistency be-
tween answers from different authors and we extend the linear-
elastic mechanical solution so that non-linear material behavior can
be modeled. We quantify the errors between the different approxima-
tions and compare our results to recent experimental findings. Finally,
we apply Raman elastic barometry and garnet-clinopyroxene
geothermometry to a calc-silicate gneiss from the Rhodope Metamor-
phic Province (RMP), Greece. We find that the so-extracted pressure
and temperature (P–T) conditions are in good agreement with pub-
lished P–T values for adjacent rocks obtained using conventional
phase equilibria modeling. Our results confirm that Raman elastic ba-
rometry offers an independent alternative for pressure estimation in
metamorphic rocks and that the pressure obtained does not necessarily
reflect the entrapment conditions as already pointed out in theoretical
investigations (Zhong et al., 2018, 2020). The application of elastic
models suggests that, under natural conditions, mineral hosts like gar-
net can develop and maintain differential stresses of ~1 GPa over geo-
logical timescales.

2. Elastic solutions of spherically symmetric isotropic systems

2.1. Solutions based on linear elasticity

The most common mechanical solutions for host-inclusion configu-
rations are usually applied to mineral inclusions. Such solutions are
based on continuum mechanics and are therefore valid from the μm to
the km scale provided that the constitutive equations for mineral/rock
behavior are known. For the purpose of the present work, we will
focus on the small (mineral–grain) scale and examine the stress/pres-
sure variations between mineral inclusions and their hosts. One of the
main reasons for the development of stress variance between a mineral
host and its inclusion is the difference in the thermo-elastic properties
between the host and the inclusion (Rosenfeld and Chase, 1961). Stress
variances are preserved in minerals and their magnitude can routinely
reach GPa level (~1–10 kbar) as it has been estimated in natural and ex-
perimental studies (Ashley et al., 2014a; Bonazzi et al., 2019; Endo et al.,
2011; Gonzalez et al., 2019; Thomas and Spear, 2018). As a first approx-
imation, we will use linear elasticity theory for isotropic materials so
that we can make some first-order observations regarding stress devel-
opment in such systems. As also noted by Ferrero and Angel (2018), no
2

mineral is perfectly isotropic. However, it is convenient to use isotropic
solutions where it can be shown that the errors are negligible. Here we
will focus on the quartz-in-garnet system (QuiG) which has been
widely used in geobarometry applications (e.g. Ashley et al., 2014b;
Bayet et al., 2018; Alvaro et al. 2020; Zhong et al., 2020). An additional
reason for the application of QuiG is the almost-isotropic elastic proper-
ties of garnet and its very high strength which allows the use of elastic
rheology for a large range of stress conditions. Quartz however is aniso-
tropic and the isotropic approximation is a simplification for its behav-
ior. However, in the framework of elastic barometry, the successful
reproduction of experimental synthesis conditions (Bonazzi et al.,
2019; Thomas and Spear, 2018) suggests that such an approximation
may be appropriate. Finally, we will assume the small-strain approxi-
mation. This approximation does not distinguish between undeformed
and deformed state (e.g. Larché and Cahn, 1985; Zhang, 1998), but
due to the large elastic moduli of minerals it yields accurate first-order
stress estimates at small strains (<1%).

The simplest example that can be considered is the one with purely
elastic rheology at constant temperature (Fig. 1). In this example, we as-
sume that a spherical isotropic inclusion lies in the center of a spherical
host. The mechanical solution predicts that a pressure difference will
develop between the mineral host and its inclusion during isothermal
decompression. It is noted that the differential stress (σd=σmax−σmin)
that develops at the host/inclusion interface is always larger than the
pressure difference between the two (Fig. 1b). This fact allows us to
make a crude estimate of the stresses that can develop in mineral
hosts during decompression. The differential stress is the stress respon-
sible for the shear deformation in minerals and, based on the predicted
stress components (Bower, 2010, p. 198), it is given by the following
formula:

σd ¼ 3
2

Pi−Phð Þ
1− R

Rh

� �3� �
r
Ri

� �3 ð1Þ

where σd is the differential stress (in GPa) as a function of radius, Pi (in
GPa) is the pressure of the inclusion (constant within the inclusion), Ph
(in GPa) is the pressure of the host at its outer boundary, Ri is the radius
of the inclusion, Rh is the radius of the host and r is the radial distance
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away from the center of the inclusion (Ri ≤ r ≤ Rh). Eq. (1) also predicts
that, at the limit where the host is infinite (Rh ≫ Ri), the differential
stress of the host at the host-inclusion interface (r= Ri+)will be exactly
1.5 times larger than the pressure difference between the two (host &
inclusion) and it will drop away from the interface (c.f. Fig. 1b). This is
a conservative estimate of the potential magnitude of differential stress
in minerals since non-spherical shapes could generate large differential
stresses around edges, cracks and corners (e.g. Anderson, 2005; Irwin,
1957). The prediction of the stress drop around the inclusion agrees
well with the development of birefringence halos and dislocation den-
sity around inclusions at the host-inclusion interface (e.g. Barron et al.,
2008; Campomenosi et al., 2020; Howell et al., 2010; Taguchi et al.,
2019).

Similar analytical solutions have been suggested in the geological lit-
erature that can be used to predict the residual pressure of an inclusion
after cooling and decompression of the host along an arbitrary P-T path
(Carlson et al., 2009; Enami et al., 2007; Van der Molen and Van
Roermund, 1986; Zhang, 1998). These are all simple expressions that
are valid in the case of linear elasticity. In this work we will focus on
the solution of Van der Molen and Van Roermund (1986) and Zhang
(1998) since these solutions provide a completemechanical description
of the isotropic host-inclusion system by providing the different stress
components (i.e. radial and tangential). The advantage of employing
all the stress components is that differential stress can also be calculated
(e.g. Eq. (1)). The formulation given by Zhang (1998, p. 214) is:

Pfin
i ¼

Pini
i −Pini

h þ Pfin
h

� �
1
Kh

þ 3
4Gh

h i
þ 1−ξð Þ Pini

i
1
Ki
− 1

Kh

� �
þ αi−αhð ÞΔTð Þ

h in o
1−ξ
Ki

þ 3
4Gh

þ ξ
Kh

h i
ð2Þ

where K is the bulk modulus (in GPa), G is the shear modulus (rigidity;
in GPa), a is the thermal expansion (in K−1) andΔT (in K) is the temper-
ature difference (Tfin − Tini) between initial and final conditions.
Subscripts h and i denote host and inclusion respectively, while super-
scripts fin and ini indicate final and initial conditions respectively. Tem-
perature is assumed to be the same, both in the host and the inclusion.
Factor ξ is related to geometry and is given by (Zhang, 1998, p. 212) as:

ξ ¼ R3
i

R3
h

ð3Þ

where R is the radius of the host/inclusion as in Eq. (1). By setting ξ to
zero in Eq. (3), one retrieves the limit where the inclusion is much
smaller than the host. By setting ξ to zero, Eq. (2) gives results similar
to those given by the formulation of Van der Molen and Van Roermund
(1986, their Eq. (A4)). A simplified expression that can be used when
the pressures are small compared to the elastic moduli, as it is the case
in most geological examples, has been given by Van der Molen and Van
Roermund (1986, their Eq. (A5)). In themajority of petrological applica-
tions it is further assumed that the initial pressure of the inclusion and
the host are equal (Phini = Pi

ini), thus, the simplified expression from
Van der Molen and Van Roermund (1986, their Eq. (A5)) becomes:

Pfin
i ¼

Ki Pfin
h 3Kh þ 4Ghð Þ þ Pini

h 4Gh
K
Ki
−1

� �
−4GhKhΔT αh−αið Þ

h i
Kh 3Ki þ 4Ghð Þ ð4Þ

The previous equation gives identical results to the expression of
Zhang (1998) at the limit where the host is infinite (ξ=0) and the ini-
tial pressures are equal (Phini = Pi

ini). However, based on the original
work by Van der Molen (1981), Carlson et al. (2009) and Enami et al.
(2007) proposed the expression:
3

Pfin
i ¼

Ki Pfin
h 3Kh þ 4Ghð Þ−4GhKhΔT αh−αið Þ

h i
Kh 3Ki þ 4Ghð Þ ð5Þ

At a glance, Eq. (4) contains an additional term compared to Eq. (5),

namely: Pini
h 4Gh

Kh
Ki
−1

� �
. This term is proportional to the initial pressure

of the host (Phini) and should not be omitted in elastic barometry applica-
tions since this would give wrong results. Eq. (5) was derived as a lim-
iting case wherein the initial pressures of the host and the inclusion
are zero (Van der Molen, 1981) and it should not be used as a general
case. The difference between the two formulations can lead to signifi-
cantly different results when used for barometry purposes (e.g. Kohn,
2014).

Eqs. (2) and (4) have beenwidely used in the geological literature to
calculate the entrapment pressure of inclusions. This normally requires
the additional knowledge of some residual pressure (Pifin) estimated by
spectroscopic methods or in-situ X-ray diffraction. Since Pi

fin is an input
parameter for the calculation of the entrapment pressure (Piini), many
workers use an iterative method and Eqs. (2) and (4) or the expression
given by Guiraud and Powell (2006), (e.g. Ashley et al., 2014b; Kohn,
2014). Whatever the approach followed, estimates of the entrapment
temperature (Tini) should bemade independently. The advantage of lin-
ear elasticity is that Eqs. (2) and (4) are linear and can be inverted to
solve for Piini. If one assumes that the pressure of both the host and the
inclusion was the same at the time of entrapment (Phini = Pi

ini), Eq. (2)
(Zhang's model) can be recast as:

Pini
h ¼ Pini

i ¼ A1 þ A2ð ÞKi þ A3½ �Kh þ A4Kif gGh þ A5

R3
h−R3

i

� �
Kh−Kið ÞGh

ð6Þ

The coefficients A1 to 5 are calculated as follows:

A1 ¼ αh−αið Þ Tfin−Tini
� �

R3
hA2 ¼ − αh−αið Þ Tfin−Tini

� �
R3
i A3

¼ Pfin
i R3

h−R3
i

� �
A4 ¼ Pfin

i R3
i −Pfin

h R3
hA5 ¼ 3

4
Pfin
i −Pfin

h

� �
R3
hKiKh ð7Þ

where Ph
fin is the pressure of the host and Tfin is the temperature at the

time of measurement (~25 °C, 10−4 GPa). It is noted however that not
all the host experiences the same final pressure, but Phfin represents the
pressure at the thin section surface away from the inclusion. Eqs. (6),
(7) provide a simple expression for the inclusion entrapment pressure
(Piini) as a function of the entrapment temperature (Tini) once themate-
rial parameters and the residual pressure are known. An EXCEL™
spreadsheet is provided in the electronic supplementary material for
quantitative estimates.

2.2. Non-linear solutions

A different approach that also takes into account the non-linear
changes in the volume of minerals was given by Guiraud and Powell
(2006). It is in fact experimentally verified that the volumes and the
thermo-elastic properties of minerals will change as a function of P-T.
This will be particularly important for the case of fluid/melt inclusions
as fluids and melts are in general more compressible. The solution of
Guiraud and Powell (2006) reads:

Vfin
i Pfin

i , Tfin
� �

Vini
i Pini

i , Tfin
� �−Vfin

h Pfin
h , Tfin

� �
Vini
h Pini

h , Tini
� � ¼ 3

4Gh
Pfin
i −Pfin

h

� �
ð8Þ

where V is the volume of the inclusion and the host respectively and the
system is at thermal equilibrium (Ti = Th). The volume of the different
phases is calculated at their respective P–T conditions. This form has
the advantage that it can incorporate complex equations of state
(EOS) for the volume of minerals.
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Another variant of a mechanical model that can incorporate com-
plex EOS forminerals has been proposed by Angel et al. (2014, 2017b)
who included in it the concept of the isomeke (Adams et al., 1975;
Rosenfeld and Chase, 1961). The isomeke is a line in a P–T diagram
along which the inclusion and the host do not develop any strain dif-
ference and the stress between them is uniform (Angel et al., 2014,
2015). In other words, pressure and temperature along the isomeke
change in such a way, that, the pressure of the host and the inclusion
will remain equal to each other. Hence, when a mineral inclusion is
initially at the same pressure as the host (Phini = Pi

ini), the pressure of
the inclusion will remain equal to that of the host all along the
isomeke curve. If we thus assume no post-entrapment inelastic defor-
mation of the host/inclusion system, the isomeke curve is therefore a
thermodynamically defined line in P-T space where the entrapment
conditions lie. Furthermore, since elastic deformation is reversible
and path independent, construction of the isomeke can simplify me-
chanical calculations greatly. This is because the P–T path of the host
can be considered in two steps. First, the inclusion and the host can
follow a cooling path along the isomeke until the final temperature
conditions are reached. Then, elastic interaction between host and in-
clusion can be considered at constant temperature. This interaction is
brought about by the difference in pressure between host and inclu-
sion built during isothermal decompression of the host to room con-
ditions. Several authors prefer to use the term “elastic relaxation”
to describe the host-inclusion interaction during decompression
at room conditions (e.g. Angel et al., 2014). In this work, we use
the term “elastic interaction”. We do this because the residual pres-
sure can also grow (and not relax) depending on the shape of the
P–T path during cooling. Finally, we reserve the term “relaxation”
to describe the time-dependent stress release (e.g. via viscous
creep; Dabrowski et al., 2015; Zhong et al., 2020) as it is conven-
tionally done in the mechanical literature (e.g. Kachanov, 1971;
Lubliner, 2008).

2.3. Compositional dependence of elastic coefficients

For meaningful elastic stress estimates, it is important to have accu-
rate values for the elastic coefficients ofminerals. Inmost cases, the elas-
tic moduli are calculated from elastic wave velocities and therefore the
reported values are actually the adiabatic moduli (e.g. Bass, 1995;Wang
and Ji, 2001). Considering the small size of the inclusions and their long
timescales in geological environments, it is more appropriate to con-
sider isothermal elastic moduli (e.g. Milani et al., 2015). However,
when the difference between adiabatic and isothermal bulk/shearmod-
uli is small (<5%), the use of adiabatic moduli will not affect the
geobarometric results within error. To further constrain the elastic
moduli, the mineral solid solutions must also be considered. Garnet
for example, a very common mineral host, can have varying elastic
properties depending on its composition. As discussed also in Babuška
et al. (1978), there is no single theory to estimate all the elastic proper-
ties of a solid solution. This is because there ismore than oneways to es-
timate effective properties in a mixture (e.g. Karato, 2008, p. 215). The
two simplestways of calculating the effective properties in amixture in-
volve the assumption of either constant stress (Reuss' average) or strain
(Voigt's average). Both, however, apply to mechanical mixtures where
the components are distinct phases. With regard to solid solutions, we
will use the approach of Babuška et al. (1978), which is based on ther-
modynamics but considers only the volumetric deformation of the solu-
tion. In this approach, we will assume that the solid solution is isotropic
and ideal, and that both pressure and volume are constant and homoge-
neous across the crystal as required by the EOS. In that case, the molar
volume of the solution (Vss) is the arithmetic average of the molar vol-
umes of its endmembers weighted by their molar fractions (e.g.
Cemic, 2005). This is required by the fact that volume is an extensive
thermodynamic variable. For example, an ideal solid solution with k
endmembers yields:
4

Vss ¼ ∑
k

j¼1
xjVj ð9Þ

where Vss is the molar volume of the solid solution, xj is the molar frac-
tion of the jth endmember in the solution andVj is the endmembermolar
volume at the given pressure and temperature. By definition, the iso-
thermal compressibility (βss) of the solid solution is (e.g. Moulas et al.,
2019; Stixrude and Lithgow-Bertelloni, 2005):

βss ¼ −
1
Vss

∂Vss

∂P

� �
T
¼ ∑

k

j¼1

Vj

Vss
xjβj ð10Þ

By analogy, the effective thermal expansion (αss) can be obtained
from:

αss ¼ 1
Vss

∂Vss

∂T

� �
P
¼ ∑

k

j¼1

Vj

Vss
xjαj ð11Þ

Given βss, the isothermal bulk modulus of the solid solution (Kss) is
defined as:

Kss ¼ 1
βss

ð12Þ

Solving Eq. (12) with respect to βss and substituting the result into
Eq. (10) reveals that although the compressibility of the solid solution
(βss) is the arithmetic average of the compressibilities of the

endmembers weighted by xjVj

Vss
, the bulk modulus of the solid solution

(Kss) is the harmonic average of the respective bulkmoduli (here equiv-
alent to the Reuss bound). Eqs. (9)–(12) provide a thermodynamically-
consistent framework to derive the elastic moduli of an ideal solid solu-
tion. Minerals like garnet have a minor non-ideality and are commonly
considered to be ideal for various applications (e.g. Lasaga, 1979). Thus,
this approach is thermodynamically appropriate to determine the elas-
tic constants in mineral hosts like garnet. Nevertheless, given the errors
on experimentalmeasurements and those involved in elastic barometry
applications, it would be sufficient to employ a linear mixing scheme
using mole fractions of garnet endmembers to provide an accurate esti-
mate of the effective elastic properties of the mineral (Babuška et al.,
1978; Milani et al., 2015). We note that ideality may be sufficient for
garnet compositions that can be described in the pyrope-almandine-
grossular ternary system but it is not generally applicable. For example,
garnet compositions in the grossular-andradite binary may have signif-
icant deviations (e.g. Erba et al., 2014). In contrast to the previous self-
consistent derivation, a simple arithmetic averaging was proposed by
Babuška et al. (1978) as:

Css ¼ ∑
k

j¼1
xjCj ð13Þ

where Cj is the thermo-elastic property (e.g. bulk modulus, shear mod-
ulus, thermal expansion) of the jth endmember. Eq. (13) has the advan-
tage that it is a simple implementation for its use in garnet elastic
barometry and Babuška et al. (1978) has demonstrated that the errors
in the case of garnet are small. However, it must be kept in mind that
other solid solutions or other garnet compositions (such as the case of
grossular-andradite) may be more complex and this simple mixing
scheme may no longer be adequate. In the framework of the present
work which is restricted in a relatively small (<3 GPa) pressure range,
we prefer to keep the formulation of Eq. (13) due to its simplicity.

3. Non-linear elasticity and path dependence

For an elastic solution to be reversible and path independent, there is
an infinite number of paths that can be considered and they should all



Table 1
Thermoelastic moduli used in the linear-elastic calculations.

Grossular Pyrope Almandine Spessartine α-quartz

K [GPa] 166.3 170.1 175.1 171.8 37.12
G [GPa] 98.1 90.2 92.1 93.3 44.3
α [·10−5 K−1] 1.63 1.98 1.57 1.71 3.64

All coefficients are as in Enami et al. (2007) with data from Wang and Ji (2001), and Fei
(1995). The parameters for α-quartz are taken from Angel et al. (2015).
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Fig. 2. (a) Cooling/decompression path of the almandine host (blue squares). The
incremental finite-difference non-linear solution is shown with a red solid line (Num).
The incremental implementation of Zhang's (1998) solution (Eq. (2) in the main text;
ZH-NL) is shown with green circles and it is indistinguishable from the finite-difference
solution (their difference is smaller than 10−4 GPa) (b) Normal (σrr; blue) and
tangential (σθθ; black) stress components at the final point of the P-T path. The mean
stress (pressure [P]; positive in compression) of the host and the inclusion is shown in
red. The residual pressure of the inclusion is indicated by Pi. The radial distance R is
normalized to the radius of the inclusion Ri. The P-T path has been discretized in 200
steps. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)
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be equivalent. In general, an elastic solution is path-independent and re-
versible when stresses can be derived from an energy potential (U, F) as
shown below (Landau and Lifshitz, 1986, p. 9):

σ ij ¼ ρ
∂U
∂εij

 !
S

¼ ρ
∂F
∂εij

 !
T

ð14Þ

where ρ is the density (in kg∙m−3), U is the mass-specific internal en-
ergy (in J∙kg−1), F is the mass-specific (Helmholtz) free energy (in
J∙kg−1), σij is the Cauchy stress tensor (in Pa) and εij is the infinitesimal
strain tensor (dimensionless). The superscripts S and T indicate that dif-
ferentiation is performed at constant entropy and temperature. For the
applications discussed in this study, the free energy (F) is used since the
host and the inclusion are always assumed to be in thermal equilibrium.
The increment of the free-energy is given by (Landau and Lifshitz, 1986,
p. 9):

dF ¼ −SdT þ 1
ρ
σ ijdεij ð15Þ

where S is the mass-specific entropy (in J∙K−1∙kg−1). Materials that fol-
low Eq. (14) are also called Green-elastic or hyperelastic materials (e.g.
Soutas-Little, 1999). Considering a general non-linear elastic behavior
is, of course, not straightforward. Eq. (14) imposes a strict constraint
on the non-linearities (e.g. P–T dependence) of the elastic moduli. In
the absence of such constraints, the elastic solutions become path de-
pendent and hence inapplicable to barometry calculations. Currently,
the most widely used thermodynamic databases for crustal minerals
consider only the hydrostatic-pressure contribution to the energy and
approximate the minerals as elastically isotropic solids (Berman,
1988; Holland and Powell, 1998, 2011). For isotropic solids, Eq. (15)
can be rewritten as (e.g. Moulas et al., 2019):

dF ¼ −SdT−
1
ρ
Pdεii þ 1

ρ
τijdε0ij ð16Þ

where the summation rules on repeated indices apply. The deviatoric
stress tensor is given by τij and dε′ij is the increment of the deviatoric
strain tensor. The incremental rheological relations for a purely elastic
behavior of an isotropic solid are:

dP ¼ −K dεii−αdTð Þ
dτij ¼ 2Gdε0ij

ð17Þ

where K, α and G are usually given as functions of pressure and temper-
ature (e.g. Angel et al., 2017a, 2018; Erba et al., 2014; Wang and Ji,
2001).

4. Non-linear elasticity numerical calculations

The advantage of using incremental relations (such as those in
Eq. (17)) for elasticity calculations is that they allow the numerical inte-
gration of complex loading paths in a straightforward manner. During a
complex P-T path, the thermo-elastic parameters are updated as a func-
tion of P-T (for more details of the solution procedure in Appendix A).
This is a standard procedure in the finite-element literature (e.g. de
Borst et al., 2012; Lewis and Schrefler, 1998). To illustrate this point we
consider a quartz inclusionwithin a garnetwhich has ten times larger ra-
dius, andwe perform the numerical integration by assuming that the ini-
tial pressure of the two phases are the same at some peak P–T conditions.
Then, a cooling/decompression path of the host garnet is chosen and it is
discretized in n steps. The stress equilibrium, in spherical coordinates, is
solved using finite differences where for every step we apply the incre-
mental relations of Eq. (17) (see Appendix-A for more details on the
closed system of equations). Therefore, with this approach, every state
of the path corresponds to a state of mechanical equilibrium where all
stress components for the inclusion and the host are solved for.
5

Furthermore, we update the values of the elastic moduli for every inte-
gration step using the mineral data from the Holland and Powell
(2011) thermodynamic database as they are derived from Perple_X soft-
ware (Connolly, 2005, 2009). We consider that the shear moduli of the
two minerals remain constant (c.f. Table 1). Although this may not ex-
actly be the case in nature, having empirically chosen P–T dependencies
for the shear moduli (G) may result to violation of Eq. (14), thus making
the results physically inconsistent and inappropriate for geobarometry
purposes. Taking shearmoduli independent of strain results in a constant
pressure (mean stress) distribution within the host mineral. This is true
in the example considered, which is spherically symmetric and isotropic
and simplifies calculations significantly. In other cases, the pressure of the
hostmay change in space. Interestingly, the same procedure for updating
themineral elasticmoduli can be applied to the solution of Zhang (1998)
where the initial and final state in Eq. (2) can be used interchangeably in
several consecutive steps.

The generality of the numericalmethod can be shown in the follow-
ing specific example. Let us consider a pure almandine crystal that is
cooling and decompressing from 2.5 GPa and 800 °C down to room
conditions (10−4 GPa and 25 °C). These conditions are identical to
the experimental conditions reported by Bonazzi et al. (2019; case
Alm-2). Fig. 2a shows the P–T path followed by the host (blue squares)
and values of residual pressure predicted for the inclusion. Our results



Fig. 4. Cooling of the almandine host along the isomeke followed by isothermal
decompression (blue squares). The remainder of the comments as in Fig. 2. (For
interpretation of the references to colour in this figure legend, the reader is referred to
the web version of this article.)

E. Moulas, D. Kostopoulos, Y. Podladchikov et al. Lithos 378–379 (2020) 105803
show that the predicted values for the final residual pressure of the
quartz inclusion are very close between them and practically indistin-
guishable. In fact, the pressure value from the non-linear finite-
difference solution and that from the incremental implementation of
Eq. (2) always differ by less than 10−4 GPa. Fig. 2b shows the mechan-
ical solution for the host-inclusion system that was calculated numer-
ically and is shown for the moment where the host is brought at
ambient conditions. Note that the differential stress, i.e. the difference
between the maximum compressive stress (blue curve) and the mini-
mum tensile stress (black curve), is maximum at the host-inclusion in-
terface and it becomes smaller away from the inclusion as predicted by
Eq. (1). The development of the differential stress does not occur only
at the room conditions. In fact, the pressure difference starts develop-
ing instantly as the host moves away from the initial P–T conditions.
The only P–T path where the host and the inclusion do not develop
any pressure difference is when the host cools following the isomeke
line down to ambient temperature conditions (Fig. 3). The pressure
of the isomeke at room temperature is also known as Pfoot (e.g. Angel
et al., 2014). However, the isothermal decompression from Pfoot
(Fig. 4) to ambient pressure will result in a significant pressure differ-
ence between the host and the inclusion. Since the elastic calculations
must be path-independent, this pressure difference must be equal to
the pressure difference that develops along any arbitrary P–T path for
the same initial and final conditions (see electronic supplementary
material A for more examples). Indeed, our results (Figs. 2, 4) show
that the difference in the residual pressure calculation of the two
paths is negligible (i.e. less than 0.01 GPa).

Sincewe performed a numerical integration of the residual pressure,
the difference of the various approaches depends on the accurate reso-
lution of the P–T path. Fig. 5 shows the effect of the numerical resolution
and the shape of the path on the values of the final residual pressure
predicted by the different methods. The non-linear numerical solutions
converge at high resolution (e.g. n > 100) towards the same value
(1.0074 GPa). The predictions from the solution of Guiraud and Powell
(2006; 1.0096 GPa) and from a linear-elasticity (i.e. Eq. (2)) solution
(1.0551 GPa) are also shown for comparison. Note that several different
types of cooling/decompression paths have been considered. All paths
refer to cooling/decompression of the host. The 1st type (type IS) con-
siders cooling along the isomeke line with subsequent isothermal de-
compression to ambient conditions. The 2nd type (type LN) considers
a linear cooling/decompression path between the initial and the final
conditions. The 3rd type (type IB) considers an initial stage of isobaric
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Fig. 3. Cooling of the almandine host along the isomeke (blue squares). The remainder of
the comments as in Fig. 2. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)
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cooling and then a linear P–T cooling/decompression path to ambient
conditions whereas the 4th type (type IT) considers a stage of isother-
mal decompression followed also by a linear P–T cooling/decompres-
sion path to ambient conditions (see electronic supplementary
material A f ormore details). In order to see the effect of the entrapment
conditions on the predicted inclusion pressure, we also performed sys-
tematic calculations considering different initial conditions and differ-
ent kinds of P-T paths. The difference in the residual inclusion
pressure predicted by three different P-T paths is shown in Fig. 6 as a
Fig. 5. Convergence of the numerical methods employed in this study. The residual
pressure of the inclusion is monitored as a function of the numerical discretization (n).
A quartz inclusion and an almandine host cool and decompress from 2.5 GPa and 800 °C
to ambient conditions (10−4 GPa and 25 °C). NL refers to the incremental finite-
difference solution. GP is the solution from Guiraud and Powell (2006). The characters
“IS”, “LN”, “IB” and “IT” refer to the different types of P-T paths that are considered (see
main text for details). The results from the incremental implementation of Eq. (2) are
indistinguishable from the incremental finite-difference solution (NL; difference always
less than 10−4 GPa). The linear elastic model follows from Eq. (2) (Zhang, 1998).



Fig. 6. Absolute difference of the residual-pressure values for quartz inclusions in almandine as a function of the entrapment conditions. The residual pressure was calculated with the
incremental finite-difference solution and the elastic moduli from Holland and Powell (2011) and the shear moduli as in Table 1 (see text for details). The difference in the residual
pressure calculation is a consequence of following different P-T paths. (a) Residual pressure difference between the LN and the IS type of P-T path (see text for details). (b) Residual
pressure difference between the LN and the IB type of P-T path (see text for details).
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function of the starting P-T conditions. Our results show that the differ-
ence becomes >2 MPa only at the alpha-beta quartz transition.

To this point, all the calculated P–T paths predict that the quartz-
inclusion is always within the α-quartz field. Contrary to first-order
phase transitions, the β-beta transition of quartz is a particular kind of
transition (lambda transition) where volume (and density) remains
continuous across the transition (e.g. Angel et al., 2017a; Carpenter
et al., 1998). However, since the shear modulus (rigidity) of quartz is
also changing around the transition (e.g. Peng and Redfern, 2013), we
suggest avoidingusing inclusions initiating in theβ-quartzfield. In sum-
mary, all the methods that utilize non-linear EOS give essentially the
same final residual pressure independently of the path followed during
cooling/decompression as it is expected from elasticity theory.

5. Calculation of the residual pressure

In order for QuiG barometry to be applied, the residual inclusion
pressure needs to be estimated. One way is to measure the frequency
shift in the Raman vibrational modes (Δω; commonly 206 and
464 cm−1) in quartz relative to their line positions at 1 bar (10−4

GPa), and from that to estimate the residual pressures at room P–T con-
ditions (~ 25 °C, 10−4GPa). The latter is performed by using published
empirical relationships between pressure and frequency shift derived
from hydrostatic experiments (e.g. Liu and Mernagh, 1992; Schmidt
and Ziemann, 2000). As a consequence, the previous calibrations are
strictly valid when the quartz crystals experience a purely hydrostatic
state of stress and the pressure values obtained may be misleading in
the presence of non-hydrostatic stress components (Briggs and
Ramdas, 1977; Murri et al., 2018, 2019). From an empirical point of
view, the pressure estimates from two Raman vibrational-mode shifts
can be plotted against each other and the results should follow the 1:1
line. However, natural and experimental data show that the range of
values for the residual pressure of the inclusions can be quite significant
independently of which Raman vibrational-mode shift is preferred
(Bonazzi et al., 2019; Moulas et al., 2013b). The reason for this spread
of pressures can be explained by severalmechanical causes that include,
but are not limited to, viscous creep, plastic yield and proximity to the
free surface (e.g. Zhong et al., 2020). This is why, choosing the inclusions
that show themaximal pressure difference compared to the host and lie
close to the 1:1 line seems to reproducewell the experimental values of
Bonazzi et al. (2019). However, with the currently available data, the
proximity to the 1:1 line cannot provide quantitative estimates of the
influence of non-hydrostatic stress on Raman mode shifts.

Based on ab-initio Density-Functional Theory (DFT) calculations,
Murri et al. (2018) concluded that quartz inclusions will develop signifi-
cant differential stress upon cooling which, in turn, will affect the Raman
vibrational modes. The development of non-hydrostatic stresses in
7

quartz inclusions in garnet is a consequence of the anisotropic behavior
of quartz and it becomes very large especially for inclusions that were
trapped in the vicinity of the β-quartz stability field (Murri et al., 2018).
The effect of normal strain components on the Raman vibrational mode
shift has recently been calibrated based on DFT calculations (Murri
et al., 2019). Consequently, the Raman mode shifts can be used in an in-
verse manner to obtain volumetric strain estimates and thereupon pres-
sure. The residual pressure can thus be calculated by using the phonon-
modeGrüneisen tensor (Angel et al., 2019; Key, 1967;Murri et al., 2019).

Two independent normal strain components (ε1 + ε2 and ε3) can be
calculated (for room P-T conditions) as a function of the fractional
changes in the 206 and 464 cm−1 Raman vibrational modes as follows
(other modes can be used as well):

ε1 þ ε2ð Þ
ε3

� �
¼ G−1

−
Δω206

ω206
0

−
Δω464

ω464
0

2
6664

3
7775 ð18Þ

where ω0 is the reference position of the vibrational mode and G−1 is
the inverse matrix of the phonon-mode Grüneisen tensor (see
Appendix-B for details). We note that the incorporation of more vibra-
tional modes will lead to increased accuracy as shown in Angel et al.
(2019). The volumetric strain of quartz is then given by ε1 + ε2 + ε3.
At this point, two approaches have been suggested (Bonazzi et al.,
2019). In the first approach, the stress tensor of quartz can be calculated
from the elastic stiffness tensor (Wang et al., 2015) and by assuming
that ε1 = ε2 = 0.5(ε1 + ε2) due to symmetry (see Appendix-B for de-
tails). In that case, the inclusion's residual pressure can be approximated
as the mean of the normal stress components (defined as positive in
compression):

Pstress ¼ −
1
3

σ1 þ σ2 þ σ3ð Þ: ð19Þ

In the second approach, the normal strain components from Eq. (18)
can be added to calculate the volumetric strain and the result can be
used to calculate pressure in a manner similar to that for isotropic ma-
terials. In that case, the inclusion's residual pressure is given by:

Pstrain ¼ −K ε1 þ ε2 þ ε3ð Þ: ð20Þ

where K is the bulk modulus of α-quartz.

6. Comparison with experiments

In order to test the aforementioned approaches, we applied both the
linear and non-linear solutions on experimentally-produced quartz
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inclusions in garnet (Bonazzi et al., 2019; Thomas and Spear, 2018).We
aim to compare the back-calculated entrapment conditions (i.e. synthe-
sis P-T conditions) by assuming a-priori that the residual pressure of
quartz inclusions is given. Of course this requires that all the quartz in-
clusions that are used are suitable for elastic barometry. Bonazzi et al.
(2019) performed an exhaustive analysis to identify quartz inclusions
most suitable for elastic barometry. Residual inclusion pressures of 0.9
and 1.18 GPa (their Fig. 4) comply best with their experimental condi-
tions for their particular choice of EOS parameters. These values corre-
spond to the maximal pressure values that lie closest to the 1:1
experimental curve of Schmidt and Ziemann (2000; fig. 3 of Bonazzi
et al., 2019). As with the experiments of Thomas and Spear (2018),
we used the pressure estimates from the 464 cm−1 Raman-mode shift
as these authors did not provide a systematic analyses of the inclusions
for each of their experiment. The linear-elastic solution (Eq. (6)) has
been calculated using the elastic parameters tabulated in Table 1. For
the non-linear solutions, we used the numerical integration of Eq. (2)
with the elastic parameters fromHolland and Powell, 1998, 2011; here-
after HP1998 and HP2011). The shear moduli are as in Table 1. The rel-
ative error between model predictions and experimental
measurements has been normalized to the experimental value (ϵ =
100 ∙ [Pm− P]/P) and is shown for all the experimental datapoints (syn-
thesis P-T conditions). Fig. 7a,b,c illustrate the comparison between
modeled and experimental synthesis pressures whereas Fig. 7d,e,f illus-
trate the experimental synthesis P-T conditions. For the linear-elastic
approximation (Fig. 7a) ϵ is generally less than 10%. The two samples
that display errors equal to or larger than 20% are characterized by P–
T entrapment conditions that lie close to the α-β quartz transition
Fig. 7. (a) Experimental (P) versusmodeled (Pm) entrapment pressures for the experiments of T
with constant elastic moduli from Table 1. The solid line indicates the 1:1 relation. The dotted li
per cent (%) deviation of the experimental value and its colour scale has been saturated at 25%. (
HP2011 thermodynamic data (see text for details). (c) Same as in (b) but using the HP1998
Thomas and Spear (2018). The dashed line indicates the α-β quartz phase transition (Shen e
the vicinity of the α-β quartz phase transition. (e) Same as in (d) but the incremental non-lin
in (e) but using the HP1998 thermodynamic data.

8

(Fig. 7d). The non-linear approximation (incremental version of
Eq. (2)) using the data from HP2011 yields slightly smaller errors on
the predicted (synthesis) pressure (Fig. 7b). The errors are similar if
we use the HP1998 database, however, they become larger for pressure
values exceeding 2 GPa (Fig. 7c).
7. Application to a natural case study from the Rhodope Metamor-
phic Province

We tested both elastic solutions (linear Eq. (6), and non-linear incre-
mental version of Eq. (2)) on a calc-silicate gneiss (sample R10-117)
from the RhodopeMetamorphic Province (RMP), N. Greece, as a natural
case study. The RMP is a complex of Alpine synmetamorphic nappes
characterized by south to southwestward stacking and associated with
both coeval and subsequent extension in an Alpine active margin set-
ting (c.f. Burg et al., 1990, 1996; Dinter and Royden, 1993; Ricou et al.,
1998; Barr et al., 1999; Burg, 2012; Kydonakis et al., 2015); significantly,
it maintains an early Jurassic ultrahigh-pressure record (Kostopoulos
et al., 2000; Mposkos and Kostopoulos, 2001; Nagel et al., 2011;
Reischmann and Kostopoulos, 2001). The sample originates from the
Kesebir-Kardamos gneiss dome described in detail in several studies
(Bonev, 2006; Bonev et al., 2006; Krohe and Mposkos, 2002; Moulas
et al., 2017). Thermodynamic modeling using equilibrium phase-
diagramsections in adjacentmetapelites revealed thatmetamorphic re-
crystallization occurred at ~1.2 ± 0.1 GPa and ~ 730 ± 40 °C (Moulas
et al., 2017). However, this P-T estimate most probably corresponds to
a metamorphic overprint since evidence of a previous high-pressure
homas and Spear (2018) and Bonazzi et al. (2019). The linear elasticmodel is used (Eq. (6))
nes delimit the regions of ±0.2 GPa on the pressure estimate. The relative error is given as
b) Same as in (a) but the incremental non-linear elastic solutionwasused togetherwith the
thermodynamic data. (d) P-T diagram showing the experimental synthesis conditions of
t al., 1993). The relative errors are given as in (a). Note that relative errors >10% occur in
ear elastic solution was used together with the HP2011 thermodynamic data. (f) Same as
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metamorphic event is found in various lithologies in the region (Liati
and Mposkos, 1990; Mposkos, 1989; Mposkos and Liati, 1993).
8. Analytical methods

Sample R10-117 was studied by means of optical microscopy, elec-
tron probemicroanalysis (EPMA) and Raman spectroscopy. EPMAmea-
surements were obtained at ETH-Zürich, Switzerland; the analytical
procedure has been described in Moulas et al. (2017). Raman spectros-
copymeasurements were obtained at the National Technical University
of Athens, Greece, on a Renishaw Ramascope RM1000 having a
632.8 nm He\\Ne laser and a Leica DM LM microscope attached. Ray-
leigh scattering radiation was separated with an edge filter. The spec-
trometer entrance slit was set to 50μ m. Spectrum analysis was done
on a grating of 1800 lines/mm, while acquisition was performed by a
Peltier-cooled CCD camera. For the analysis, an objective lens with a
magnification of ×100 was used, resulting into a laser beam diame-
ter < 2 μm and energy <5 mW at the focus point on the sample. The
range of wavenumbers was between 100 cm−1 and 2000 cm−1 using
either the continuous or the static scan mode of the acquisition soft-
ware, which is the Renishaw “Wire 1.3” controlled through the
GRAMS/32 spectroscopy software. Integration time during spectra ac-
quisition was 10s, while multiple scans were acquired and summed
up for each measurement. A natural quartz crystal was used a strain-
free standard. Spectra were processed with a proprietary software, de-
veloped in our lab, and assisted in background removal and in precisely
fitting a mixed Gaussian-Lorentzian curve on the peaks.
9. Petrography and mineral chemistry

Sample R10-117 is a calc-silicate gneiss with a weak foliation and
lineation. This rock is constituted, in decreasing abundance, of
porphyroblastic garnet, pargasitic amphibole, plagioclase, omphacite,
clinozoisite, quartz, calcite, titanite, rutile, ilmenite and epidote
(Fig. 8). Representative mineral analyses are given in Table 2. The gar-
nets are generally homogeneous with respect to their major elements
and their composition can be described by the following formula:
(Mg0.16Ca0.31Fe2+0.52Mn0.01)3Al2Si3O12 (see electronic supplementaryma-
terial B; Fig. ESM_B1). They display a very weak chemical zonation with
Ca-poor/Mn-rich cores and Ca-rich/Mn-poor rims (see electronic sup-
plementary material B; Fig. ESM_B2). Their molar Mg# lies between
0.23 and 0.25 [Mg#: Mg/(Mg + Fe2+)]. Pargasitic amphibole,
omphacitic clinopyroxene (Na: 0.25 atoms per formula unit - apfu)
and anorthite-poor plagioclase (XAn: 0.12–0.22) form the matrix
symplectites (Cpx + Pl + Amp). Rutile and titanite are accessory
phases, partly replaced by ilmenite. Quartz, omphacite (Na: 0.41 apfu)
and titanite also occur as inclusions in garnet.
Fig. 8. Photomicrographs of sample R10-117. (a) Garnet porphyroblasts in a matrix of sympl
inclusions of quartz, clinopyroxene, titanite and rutile. Mineral abbreviations are after Siivola a
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10. Estimation of P–T conditions of metamorphism

The presence of omphacite inclusions in garnet and rutile suggests
garnet growth under eclogite-facies conditions. However, the presence
of titanite inclusions in garnet cores indicates that garnet nucleation had
probably occurred earlier. Amphibole-clinopyroxene-plagioclase
symplectites suggest post-eclogite recrystallization in the plagioclase
stability field, typical of eclogites that experienced decompression (e.g.
Boland and Roermund, 1983; Godard and Mabit, 1998; Moulas et al.,
2015). The local occurence of calcite and clinozoisite in the matrix
alongwith the presence of symplectites suggest locally equilibrated tex-
tures indicative of mosaic equilibria (e.g. Korzhinskii, 1959; Moulas
et al., 2013a; Tajčmanová et al., 2007). Garnet-clinopyroxene thermom-
etry (Nakamura, 2009) applied to four omphacite inclusion/garnet host
pairs yielded a mean temperature of ~719 °C and a standard deviation
(1σ) of ~20 °C assuming a pressure of 1.5GPa.

To further constrain the P–T conditions of metamorphism we ap-
plied the non-linear elastic solution to quartz inclusions in garnet. Thirty
five (35) laser Raman spectra were acquired from a single thin section
(sample R10-117) to estimate the residual pressure of the inclusions.
The pressure estimates from the frequency shifts of the 206 cm−1 and
464 cm−1 Raman vibrational modes are in good agreement, within
error, between themselves (Fig. 9). The discrepancy of the two different
pressure predictions is always less than 50 MPa which is within the
error of the experimental calibration used (Schmidt and Ziemann,
2000). Because of the potential relaxation due to free-surface and geo-
metrical effects (e.g. Mazzucchelli et al., 2018; Zhong et al., 2020), we
used the maximum residual pressure obtained from the two different
Ramanbands (~0.43GPa). Furthermore,we used the strain components
as calculated from the phonon-mode Grüneisen tensor (Angel et al.,
2019). Fig. 10 shows that depending on themethod employed to calcu-
late the residual pressure (Eq. (19) or Eq. (20)), themaximum inclusion
pressure could either be ca ~0.55 or 0.65 GPa. Bonazzi et al. (2019) con-
ducted a very systematic study on the suitability of quartz inclusions in
garnet for elastic barometry and proposed that calculation of the mean
stress from the elastic stiffness tensor should yield themost accurate re-
sults (e.g. Fig. 10a). On this basis, a representative value for the maxi-
mum residual pressure for our sample is ca ~0.55 GPa. In summary,
the maximal residual pressure recorded by the quartz inclusions in gar-
net in our sample, based on two independentmethods, ranges between
0.43 (from the empirical calibration; following Schmidt and Ziemann,
2000) and 0.55GPa (from the phonon-mode Grüneisen tensor; follow-
ing Angel et al., 2019). Although these numbers appear to be quite
close compared to geobarometric predictions, their difference can
cause a significant discrepancy when used to calculate entrapment
pressures at higher pressure and/or temperature. To assess the uncer-
tainties on the P–T calculations we performed aMonte Carlo simulation
(e.g. Anderson, 1976) with resampling on the garnet composition (that
would in turn affect the garnet elastic moduli) and the residual pressure
ectitic amphibole, plagioclase and clinopyroxene. (b) The garnet porphyroblasts contain
nd Schmid (2007).



Table 2
Representative electron-probe microanalyses of minerals from sample R10-117.

Mineral Cpx Cpx Grt Grt Amp Amp Ep Czo Pl Pl

Comment v55 in14 36_grt2 v5h rim1 rim2 mtr mtr mtr mtr
SiO2 54.22 54.55 38.99 38.92 39.67 40.43 38.59 39.29 63.11 64.93
TiO2 0.16 0.13 0.16 0.09 0.14 0.18 0.15 0.01 0.01 0.00
Al2O3 9.76 10.15 21.95 21.73 17.19 17.50 27.44 31.95 23.09 21.45
Fe2O3

T – – – – – – 8.20 1.70 0.27 0.36
FeOT 6.84 6.40 24.11 24.66 15.52 14.81 – – – –
MnO 0.05 0.05 0.85 0.76 0.15 0.19 0.08 0.06 0.01 0.00
MgO 8.44 8.46 4.37 4.49 9.69 9.48 0.05 0.00 0.00 0.00
CaO 14.74 14.37 10.81 10.96 11.73 10.72 23.93 25.00 4.31 2.59
Na2O 5.79 5.93 0.04 0.03 2.93 3.02 0.00 0.00 8.97 9.83
K2O 0.00 0.00 0.00 0.00 0.66 0.63 0.00 0.00 0.07 0.09
Cr2O3 0.04 0.02 0.04 – 0.04 0.05 0.20 – – 0.01
Sum 100.04 100.06 101.32 101.65 97.72 97.01 98.64 98.01 99.81 99.22

[O] 6 6 12 12 23 23 25 25 8 8
Si 1.963 1.967 2.997 2.991 5.949 6.053 5.985 5.996 2.795 2.879
Ti 0.004 0.004 0.009 0.005 0.016 0.020 0.018 0.001 0.000 0.000
Al 0.416 0.431 1.989 1.968 3.038 3.088 5.016 5.746 1.205 1.121
Fe3+ – – – – – – 0.957 0.195 0.009 0.012
Fe2+ 0.207 0.193 1.550 1.585 1.946 1.854 – – – –
Mn 0.002 0.002 0.055 0.050 0.020 0.023 0.010 0.008 0.000 0.000
Mg 0.456 0.455 0.501 0.514 2.166 2.116 0.012 0.000 0.000 0.000
Ca 0.572 0.555 0.890 0.903 1.885 1.720 3.976 4.088 0.205 0.123
Na 0.406 0.415 0.007 0.005 0.852 0.877 0.000 0.000 0.770 0.845
K 0.000 0.000 0.000 0.000 0.126 0.121 0.000 0.000 0.004 0.005
Cr 0.001 0.001 0.002 0.000 0.005 0.006 0.025 0.000 0.000 0.000
Sum 4.027 4.021 8.001 8.022 16.002 15.879 15.999 16.033 4.989 4.986

Mineral abbreviations as in Siivola and Schmid (2007). Superscript “T” indicates total iron content. [O] indicates the number of oxygen atoms used to normalize the mineral formulae.
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in quartz inclusions. Based on measured values, we assumed 5% stan-
dard deviation (1σ) in the ternary garnet composition (electronic sup-
plementary material B) and 0.05 GPa (50 MPa) standard deviation
(1σ) for the residual pressure estimates.We performed two sets of sim-
ulations using 0.43 and 0.55 GPa as residual pressure in quartz (Fig. 11).
For the calculations we used the incremental non-linear elastic solution
with the HP2011 thermodynamic database. We then repeated the cal-
culations for the two initial residual pressures without considering the
uncertainty in the composition of garnet; the difference between the
two sets of results (with and without compositional uncertainty) is in-
significant (not shown here).

The results using a value of 0.43 GPa as residual pressure (~1.44 ±
0.20 GPa) are comparable with the P–T estimates reported from an ad-
jacent metapelite based on thermodynamic modeling of phase
Fig. 9. Residual pressure (at room temperature) of quartz inclusions in garnet. P206 and
P464 refer to estimates of residual pressure based on the frequency shifts of the
206 cm−1 and 464 cm−1 Raman vibrational modes respectively (Schmidt and Ziemann,
2000). The uncertainty on the pressure estimate is ±50 MPa as reported by Schmidt
and Ziemann (2000).
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equilibria (730 ± 40 °C, ~1.2 ± 0.1 GPa; Moulas et al., 2017). Using
the higher value of 0.55 GPa as residual pressure yields a higher-
pressure estimate for the same range of temperatures (~1.61 ±
0.20 GPa). The linear elastic approximation (Eq. (6); with coefficients
from Table 1) gives 1.38 and 1.57 GPa for the two residual pressure es-
timates respectively. The temperature estimate from the calc-silicate
gneiss is within error with the temperature estimate from the
metapelite (+/− 20 °C) and this suggests that the quartz-in-garnet sys-
tem from this study (sample R10-117) experienced temperature condi-
tions in the order of 720 °C at some point in its geological history.

11. Discussion

Elastic geobarometry is based on the development of stress and
pressure variations in response to changing P–T conditions in a host-
inclusion system. The elastic moduli of minerals are such that, under
certain circumstances, they can generate GPa-level stress differences
between host and inclusions. These stress differences can be preserved
over geological timescales under geological conditions and can there-
fore be inverted to estimate the P–T entrapment conditions relevant to
crustal metamorphic processes. The most commonly used mechanical
solutions utilize linear-elastic rheologies as an approximation (e.g.
Enami et al., 2007). For a small pressure range of entrapment pressures
(<2GPa) and for the quartz-in-garnet systemas shownhere, the linear-
elastic rheology can provide accurate results (within 10%). However,
only the solutions suggested by Zhang (1998) and Van der Molen and
Van Roermund (1986) should be used as they have been derived with
assumptions appropriate for geobarometry applications; the solution
of Van derMolen (1981) is not recommended as it yieldswrong results.
The extension of the linear elastic theory to non-linear elastic solutions
is straightforward provided that stresses are consistent with an elastic-
strain energy density as required for Green-elastic solids. Empirical cal-
ibrations inwhichmineral elastic parameters are expressed as functions
of P & T may result to path-dependent calculations and can therefore
yield spurious results. Our models that consider quartz inclusions in
garnet hosts show that path-independent results can be obtained for
non-linear elasticity calculations using incremental rheology
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Fig. 10. Strain components of quartz inclusions in garnet determined at room temperature based on the phonon-mode Grüneisen tensor (see Appendix B for details). The estimate for the
residual pressure is shown in the labeled contoured lines. (a) Residual pressure using themean stress that was calculated via the elastic stiffness tensor (Pstress). (b) Residual pressure using
the volumetric strain and the bulk modulus (Pstrain).
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expressions and numerical integration along arbitrary P-T paths. This
approach yields identical results with the general elastic solution of
Zhang (1998) expressed in its incremental form.

In the specific case of QuiG barometry, our results suggest that linear
elastic solutions can reproduce experimentally produced entrapment
pressures within 10% relative error within the α-quartz stability field.
Fig. 11. (a) P-T diagram summarizing the thermo-barometric calculations. The shading of
the grayscale bands reflects the probability density function of the isomeke curves (2000
runs). The vertical red lines correspond to 4 distinct garnet-clinopyroxene pairs that were
used for geothermometry (Nakamura, 2009). The residual pressure for these calculations
was 0.43 GPa with 50 MPa (1σ) standard deviation. Garnet composition was modeled
with 5% standard deviation (1σ). (b) Probability density function of the isomeke
pressure at constant temperature (shown on figure). The value in GPa refers to the
mean of the distribution. (c, d) Same as in (a, b) but for residual pressure of 0.55 GPa.
(For interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)
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Nevertheless, care needs to be taken for samples that indicate large en-
trapment pressures (>2 GPa). In that case, after careful examination of
the suitability of the inclusions to elastic barometry, the usage of non-
linear elastic solutions yields the most accurate results (see also
Bonazzi et al., 2019). This is true when the Tait EOS is used for quartz
as in HP2011 database. The parametrization of quartz using the
Munaghan EOS after Holland and Powell (1998) is generally less accu-
rate for pressures above 2 GPa. For pressures below 2 GPa the different
databases yield similar results which are also very close to the linear-
elastic approximation. When applied to a natural sample from the
Rhodope Metamorphic Province, the pressure difference between pre-
dictions from elastic geobarometry and estimates via phase equilibria
modeling in adjacent rocks can be up to ~0.4 GPa for a similar tempera-
ture range (~710–730 °C). Our systematic analysis shows that the larger
uncertainty in the application of elastic barometry originates from the
accuracy of the estimates of residual pressure in the quartz inclusions.
Recent studies, however, suggest that using X-Ray diffraction data
may increase the accuracy of these pressure estimates considerably
(Alvaro et al., 2020).

Another important parameter that may increase the uncertainty of
pressure estimates is the extent of viscous relaxation (e.g. via rate-
dependent creep). At the range of temperatures around 700 °C, the vis-
cous creep of the garnet host can be quite significant. Based on the non-
linear elastic solutions, a quartz inclusion trapped in almandine garnet
at 500 °C and 0.5 GPa will develop a negative pressure difference
(|ΔP| = |Pi − Ph| ≈ 0.385GPa) with respect to the host when the host
is brought to 720 °C and 1.5 GPa. Based on the creep flaw law for alman-
dine garnet and the analytical solution for viscoelastic pressure relaxa-
tion (Dabrowski et al., 2015; Wang and Ji, 1999), an initial pressure
difference |ΔP|o at 725 °C, will decay from 0.385 to 0.1 GPa in less than
1000 years (Fig. 12). This behavior indicates that the pressure estimates
from elastic models will be partly (if not completely) reset at high tem-
peratures. Thus, the entrapment pressure that is inferred from elasticity
theory may correspond to peak-T rather than entrapment conditions
(see Zhong et al., 2020, for details).

The discrepancy between P–T conditions calculated by elastic
modeling and those calculated by phase equilibria has been taken to un-
derscore the importance of overstepping in metamorphic reactions
(Castro and Spear, 2017; Spear et al., 2014). Here, however, we demon-
strated a case where the quartz inclusions experienced high tempera-
tures, very similar to the peak-T conditions recorded in adjacent rocks.
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Therefore, the pressures estimated herein should be seen as minimum
pressure estimates for the eclogite-facies conditions. The upshot of our
study is that the effects of stress relaxation must inevitably be consid-
ered when elastic geobarometry outcomes are to be compared with
phase-equilibrium estimates.

The basis of Raman barometry relies on the fact that no large defor-
mations are needed to produce and preserve GPa-level stresses. There-
fore, the elastic rheologies of the inclusion and the host are sufficient to
describe the large stresses that develop among minerals during burial.
This is mainly due to the large values of the elastic moduli of rocks
andminerals. If rocks andminerals had smaller values of elastic moduli,
then the predicted stresses/pressures would have been significantly
smaller (e.g. like in a gas). The large values of elastic moduli of minerals
have been used to advocate that such stress differences would immedi-
ately dissipate since only small strains are required to relax a large pres-
sure difference (Jiang and Bhandari, 2018, p. 406). There is a logical flaw
in this line of reasoning; large elasticmoduli are the cause of stress build
up in the first place, hence they cannot, at the same time, be the cause of
stress relaxation. If such arguments were true, it would have been im-
possible to measure any residual pressure/stress experimentally, since
only a few percent of strain would have been sufficient to relax it. In
order to calculate stress relaxation in host-inclusion systems, complete
mechanical models with realistic rheologies should be used in a closed
system of equations.
12. Conclusions

Wehave reviewed simple elastic solutions proposed in the literature
for the calculation of entrapment pressures of host-inclusion systems.
The formulation of Van der Molen (1981) was derived assuming that
both the host and the inclusion are initially at zero pressure and should,
therefore, not be used in elastic geobarometry. Following published
work, we presented a simple explicit relationship that can be used for
first-order calculations in elastic barometry applications. However, at
high pressures (>2 GPa) the volume behavior of minerals requires
higher-order EOS in order to yield accurate results. The extension of lin-
ear solutions to non-linearrelationships requires that the non-linearity
is not simply empirically fitted, since imposing an arbitrary P-T depen-
dence on elastic shear moduli risks making the solution path-
dependent and therefore unrealistic. We tested our implementation of
non-linear elastic EOS (Murnaghan and Tait) and we showed that, for
the elastically isotropic system, the non-linear EOS produces path-
12
independent results in the case when the shear moduli are considered
constant.

We applied the non-linear elastic barometry on quartz-inclusions in
garnet from a calc-silicate gneiss (Rhodope Metamorphic Province; N.
Greece). Our barometry estimates yield eclogite-facies conditions with
aminimumpressure estimate of ca 1.44 GPa at temperatures consistent
with garnet-clinopyroxene thermometry (~720 °C). At these tempera-
tures, the pressure difference that is gradually built along the prograde
metamorphic path can relaxwithin a ~ 1000 years' timescale; therefore,
garnets that experience such temperatures will probably lose the
entrapment-pressure information. Such being the case, discrepancies
between QuiG barometry and conventional phase equilibria do not nec-
essarily constitute evidence of metamorphic overstepping.
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Appendix A. closed set of equations for the elastic-plastic radially
symmetric problem

In this appendix we provide the system of equations that is needed
for the solution of the elastic-inclusion problem.We consider a spherical
inclusion in the center of a spherical host; both inclusion and host are
considered to be isotropic. The density (ρ) evolution of a mineral as a
function of pressure (P) and temperature (T) is given by its Equation
of State (EOS). Using an incremental form, the EOS can be expressed as:

1
ρ
dρ
dt

¼ 1
K
dP
dt

−α
dT
dt

ðA1Þ

where d represents the total differential, K is the isothermal bulk mod-
ulus and a is the isobaric coefficient of thermal expansion. Both K and
a can be P-T dependent. Temperature is assumed to be the same in the
host and the inclusion, at every instant, and it is therefore constant in
space but can change in time. For a spherically symmetric problem the
mass conservation (continuity) equation reads:

1
ρ
dρ
dt

þ 1
r2

∂
∂r

r2Vr
� 	 ¼ 0 ðA2Þ

where Vr is the velocity of thematerial in the radial direction and r is the
radial coordinate.We can subtract Eq. (A2) from Eq. (A1) and rearrange
to obtain:

1
K
dP
dt

¼ −
1
r2

∂
∂r

r2Vr
� 	þ α

dT
dt

ðA3Þ

The first term on the right-hand side of Eq. (A3) is related to the vol-
umetric deformation increment (dεii, in spherical coordinates). In the
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absence of body forces, the equation of stress balance in spherical coor-
dinates is given by:

−
∂P
∂r

þ ∂τrr
∂r

þ 3
τrr
r

¼ 0 ðA4Þ

where τrr is the deviator of the normal stress in the radial direction. The
total normal stress in the radial direction (σrr) can be calculated by the
following formula.

σ rr ¼ −P þ τrr ðA5Þ

The deviatoric strain rate in the radial direction (err) is given below.

err ¼ ∂Vr

∂r
−

1
3r2

∂
∂r

r2Vr
� 	 ðA6Þ

Finally, elastic rheology requires a constitutive equation of the form:

dτrr
dt

¼ 2Gerr ðA7Þ

where G is the isothermal rigidity modulus (shear modulus at constant
temperature). Under the given assumptions, Eqs. (A3)–(A7) constitute
a system of equations that is sufficient to solve radially-symmetric
thermo-elastic problems. The incremental form of the previous equa-
tions allows the numerical integration in complex loading paths where
at every P-T increment the elastic moduli are updated based on the cur-
rent P-T conditions of the host/inclusion.

The previous system of Eqs. (A3)–(A7) is solved numerically using
pseudo-transient iterations (e.g. Chorin, 1997; Duretz et al., 2019). We
discretize the previous equations assuming a regular-spaced staggered
grid. As a boundary condition we employ Vr = 0 at the inner boundary
(r=0)due to the symmetry of the problem. In addition,we specify that
σrr = − Pext at the outer boundary (r = Rh). Pext is the pressure at the
external boundary (in GPa).

Appendix B. Calculation of the residual pressure based on the
phonon-mode Grüneisen tensor

This Appendix largely follows the procedure outlined in Angel et al.
(2019) for the calculation of residual pressure (at room conditions)
based on the phonon-mode Grüneisen tensor. However, we spell out
all the procedure in detail by also providing the numerical values that
we used. The fractional change of a wavenumber (ω) is related to all
the strain (ε) components as shown below (e.g. Angel et al., 2019):

Δωm

ωm
0

¼ −γm
ij : εij ðB1Þ

where the superscript m indicates the particular phonon-mode, ω0
m is

the reference position of the wavenumber, εij is the infinitesimal strain
tensor and γij is the Grüneisen tensor (Key, 1967). The double dot “:” in-
dicates summation over all the tensor components (scalar product).
Note that the reference value ω0 is constant and thus Eq. (B1) is valid
at small strains in an analogousmanner to linear elasticity. By consider-
ing the symmetry of quartz crystals the previous equation can be writ-
ten as (Angel et al., 2019):

−
Δωm

ωm
0

¼ γm
1 ε1 þ ε2ð Þ þ γm

3 ε3 ðB2Þ

For the 206 cm−1 and 464 cm−1 modes, Eq. (B2) can be written in
matrix form as:
13
−
Δω206

ω206
0

−
Δω464

ω464
0

2
6664

3
7775 ¼ γ206

1 γ206
3

γ464
1 γ464

3

" #
ε1 þ ε2ð Þ

ε3

� �
ðB3Þ

The components of the Grüneisen tensor have been determined by
Murri et al. (2019) as follows: γ1

206 = 3.64, γ3
206 = 5.25, γ1

464 = 0.60,
and γ3

464 = 1.19 (all values at 300 K). The previous system of equations
can be pre-multiplied by the inverse of G thus yielding:

ε1 þ ε2ð Þ
ε3

� �
¼ G−1

−
Δω206

ω206
0

−
Δω464

ω464
0

2
6664

3
7775 ðB4Þ

By performing the matrix inversion numerically (e.g. using
MATLAB®) and substituting the values in the previous system of equa-
tions we obtain:

ε1 þ ε2ð Þ
ε3

� �
¼

1:007109004739337 −4:443127962085308
−0:507786052809750 3:080568720379147

� � −
Δω206

ω206
0

−
Δω464

ω464
0

2
6664

3
7775 ðB5Þ

As it is mentioned briefly in the text, two approaches can be
followed. In the first approach, it is assumed, for symmetry reasons,
that for the normal strain components it is: ε1 = ε2 = 0.5(ε1 + ε2). All
the shear strain components are assumed to be zero. We can thus use
the quartz stiffness' tensor and write (in Voigt's notation):

σ1

σ2
σ3

σ4

σ5

σ6

2
6666666664

3
7777777775
¼

C11 C12 C13

C12 C11 C13

C13 C13 C33

C14 0 0

−C14 0 0

0 0 0
C14 −C14 0

0 0 0

0 0 0

C44 0 0

0 C44 C14

0 C14 C66

2
66666666664

3
77777777775

ε1

ε2
ε3
ε4

ε5

ε6

2
6666666664

3
7777777775

ðB6Þ

where C66 ¼ 1
2 C11−C22ð Þ and the residual pressure (approximated by

the negative mean stress) is given by: Pstress ¼ − 1
3 σ1 þ σ2 þ σ3ð Þ. In

the second approach, the normal strain components are used to calcu-
late the volumetric strain: εii = ε1 + ε2 + ε3 and the bulk modulus
(K) is used to calculate the pressure as if the material was isotropic:
Pstrain = − Kεii. Note that, although this approach is sufficient to calcu-
late the volumetric strain, its accuracy is limited for the calculation of in-
dividual strain components. If more phonon-modes are used, the
uncertainty of the particular strain components ε1 + ε2 and ε3 can be
assessed (see Angel et al., 2019 for details).

Appendix A. Supplementary data

Supplementary data to this article can be found online at https://doi.
org/10.1016/j.lithos.2020.105803.
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