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Abstract 

This paper presents a case study of teacher’s practices. Classroom 

experiences involving the concept of derivative has been observed. The 

purpose is to investigate how elementary algebra intervenes in the teaching 

of elementary calculus in secondary school. 

The analysis of what happens in classroom develops on a double level: how 

teacher uses pointwise/global/local perspectives in her work on 

mathematical objects (in particular functions); to what extent the algebraic 

and functional domains are interweaved in the work proposed by the 

teacher. 

Introduction 

Mathematics’ language is universal. Nevertheless, to be understood it 

must be filtered through cultural and institutional aspects, which are 

embodied in didactical practices of teachers. Their main goal is that students 

gradually approach the savoir savant of mathematics and grasp its universal 

language and to do that they develop suitable methods and teaching 

strategies, according to their mathematical knowledge for teaching (Ball, 

Thames & Phelps, 2008). 

Within such issues, my research focuses how elementary algebra 

intervenes in the teaching of elementary calculus in secondary school. This 

meeting occurs when the concept of function starts taking shape, especially 

from grade 9
th

 to 13
th

. Functions are delicate and complex objects, whose 

study and learning are still ongoing when students arrive at university. 

According to several results in mathematics education, to fully 

conceptualize functions, it is necessary to face and handle them, as tools or 

objects in different frames (Douady, 1986), in multiple registers of 

representation (Duval, 1991) and through various activities, mainly those 

which entail covariance of variables (Slavit, 1997).!
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Theoretical framework 

Elaboration of the model. Throughout the teaching of calculus in 

secondary school, it is possible to identify two “working domains”. Each of 

them is associated with a particular kind of work on functions. Let’s start 

with the definition of “working domain”, taken from the French literature: 

“un ensemble auto consistant, cohérent, enseigné ou 

enseignable, spécifié par des fondements, un corps de 

définitions, des modes de raisonnements, un niveau de rigueur et 

enfin un corps de problèmes résolubles en son sein.” (Robert, 

2003; Vandebrouck, 2011). 

Partially following Vandebrouck and his colleagues, I distinguish between 

functional domain and algebraic domain. 

The former is most related to calculus, and the teaching consists in 

conceptualizing functions as objects. Most of the work is within the 

functional frame (in the sense of the “jeux de cadre” of Douady). The latter 

is most related to algebra, and the teaching mainly bases on computation 

and formulation. Most of the work is within the algebraic frame. 

Here is an example. Suppose the task is to study the sign of the function f(x)

= x
2 

– 1. 

An example of work in the functional domain is the coordination of the 

multiple registers of representation on functions. Recognize that the given

function is a parabola and draw the graph in the cartesian plane; then 

observe that the graph is null if x = ±1, positive if x < –1 or x > 1 and

negative if –1 < x < 1.

Working in the algebraic domain involves the use of techniques which are 

mainly algebraic. Solve x
2 

–1 ≥ 0; (x–1)(x+1) ≥ 0; study the signs by means 

of the following table; 

–1  1 

x ≥ 1 – + + 

x ≥ –1 – – + 

+ – +

conclude that the given function is positive if x ≤ –1 or x ≥ 1; negative if –1

≤ x ≤ 1; in x = ±1 the only possibility is that the function is zero.

Transversely to the working domains, I focus also on the so called 

perspectives adopted on the mathematical objects involved, and in particular 

on functions (Rogalski, 2008; Vandebrouck, 2011). 
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A perspective is: 

- pointwise, when one considers what happens point by point (for instance, 

a function f passes through a point); 

- global, when one considers properties on intervals (for instance, a 

function f is increasing or decreasing in [a,b]); 

- local, when one considers properties in a neighborhood of a point (for 

instance, a function f is continuous in x = x0). 

Functional and algebraic domains can develop in an interweaved way, 

integrating each other, step by step. On the contrary, they can develop in 

sequence or alternate each other in an unchained way. 

Of course, interweaving or non-interweaving of domains are two extreme 

positions. In between, there exists a continuum made of actual teaching 

practices in classroom.  

My hypothesis is that the main difference between interweaving and non-

interweaving mode lies in the adopted dialectics of perspectives. Thus, the 

research questions I’m investigating are the following. 

- Which didactical practices can trigger and support the interweaving 

between the domains? 

- Can the dialectics of perspectives become part of a suitable didactical 

engeneering? 

Lenses of analysis. In order to describe teachers’ practices, I make use of 

Chevallard’s construct of praxeology (Chevallard, 1998). As a theoretical 

element of Anthropological Theory of Didactics, it is a composition of two 

blocs: 

- practical-technical bloc, which consists of a given task and a suitable 

technique to solve it 

- technological-theoretical bloc, which consists of the justification for the 

technique used and its related theory. 

Using this lens, I identify two levels: a didactical praxeology, whose task is 

of a didactical nature (e.g. to introduce the concept of derivative), and 

within it, the mathematical praxeologies, with mathematical tasks chosen by 

the teacher in order to accomplish her personal didactical praxeology.  

These are the two principal levels at which a teacher can act in her 

classroom. One is closely related to the content, taught and to be taught; the 

other is associated with all the didactical actions and strategies a teacher can 

activate to teach in general and to teach that particular content. 

“Quaderni di Ricerca in Didattica (Mathematics)”, n. 23 Supplemento n.1, 2013 

G.R.I.M. (Department of Mathematics and Computer Science, University of Palermo, Italy)

391



In a few words, praxeology construct is strictly related to what Ball and her 

colleagues call “Mathematical Knowledge for Teaching” (MKT) (Ball, 

Thames & Phelps, 2008; Hill, Ball & Schilling, 2008), ), even if considers a 

wider setting (e.g. its dynamic features). 

Moreover, in order to investigate my specific research questions, I 

characterize all the teacher’s actions and explanations on functions, and 

mathematical objects in general, in terms of perspectives (pointwise, global, 

local). 

Methodology and data collection 

Wondering how to approach the reality of teaching in secondary school, I 

firstly limited my focus on a specific issue: the derivative of a function. 

Indeed, this topic can be seen as transversal to the domains: functional and 

algebraic. On the one hand, the concept of derivative is well suited to 

coordinate different registers of representation on functions and the 

derivative of a function is a function itself. On the other hand, we can’t 

ignore the importance of differential calculus. 

Moreover, work on derivatives can trigger the dialectics of perspectives (for 

instance, in relating f and f’). 

After the choice of the topic, I selected the teachers. Since, in Italian 

curricula, the introduction of derivatives is expected in the last year of the 

secondary school, I asked three teachers of grade 13
th

 (19 years old students) 

to join the project. Before enter their classrooms, I didn’t make them aware 

of the theoretical structure and of all the research purposes, not to affect 

their natural practices. 

First of all, each of the three teachers was subjected to a preliminary 

interview. Then, I attended and video-recorded some introductive lessons, 

as an external observer. Finally, I gave students two activities, to get clues 

about their work on derivative, as an object, and use of it, as a tool, after 

their exposition to certain didactical practices. I video-recorded and 

interviewed some groups of students. 

Data analysis

I chose two didactical situations as examples of practices triggering and 

supporting the interweaving between functional and algebraic domains. 

Both episodes are also extremely interesting for the dialectics of 

perspectives which takes place. 
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Teacher 1 (T1). The first episode is taken from T1’s first lesson about 

derivative. The didactical task is to introduce the concept of derivative and 

the didactical technique chosen by T1 is an open discussion about the 

tangent line definition. In particular, she asks “Which properties must a 

tangent line have?”. That is, the mathematical task given to the students asks 

to give a definition. Using Chevallard’s frame, we can say that, from this 

moment on, both teacher and students work at a technological level. 

What happens (teacher-students dialogue) Perspectives 

Fig. 1 

[1] S1: “[the tangent line must] intersect [the 

function] in a single point.” 

[2] S2: “[the tangent line] must be orthogonal.” 

[3] S3: “For the circle…” (his hands form a T) 

[4] S4: “But, if it is so, not all the points has a 

tangent line… I’m imagining a sloped function 

(tilting his hand), then maybe the tangent line 

in that case could intersect the function in 

another point, right?” […] 

[5] T: “So, are you thinking of something like 

this (graph in Fig. 1)?” 

[6] S4: “Yes, there is the tangent line but it 

touches other points of the function.” 

[7] T: “For example, if I search for the tangent   

line here (Fig. 1)? How do I imagine it?”    

pointwise 

pointwise 

pointwise 

global 

global 

global 

global 

Basing on their previous experience with tangent line and conics [3], some 

students propose pointwise properties [1-2]. Then, thanks to S4’s global 

remark [4], teacher uses a global graphical counterexample (5-7, Fig. 1) to 

show that the tangent line to a function in a point could intersect the 

function again in another point. 

Fig. 2 

[8] S5: “To avoid what S4 said, we can take a 

suitable interval, where the tangent line satisfies 

our conditions...” 

[9] T: “So, we limit the zone” 

[10] S5: “At that point, if I want a tangent line to 

a point in that interval, I can do it without other 

intersections of the line in that interval.” […] 

[11] T: “So, we take a point, wherever we want, 

this one (x0, y0), we limit to a suitable 

neighborhood, and what do we require there?” 

[12] S6: “There, that the line intersects [the 

local 

local 

local 

local 

pointwise 
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function] only in that point.” 

[13] S5: “It is not enough.” 

[14] T: “It is not enough. Why?” 

[15] S7: “It could be like this” (he draws in the air 

a line intersecting the function) 

[16] T: “It could do so (Fig. 2)” 

pointwise 

pointwise 

Students modify their proposal in a local direction [8-10], but pointwise 

perspective is still too strong [12]. After S5’s realization [13] and S7’s 

pointwise remark [15], teacher makes a pointwise graphical counterexample 

(16, Fig. 2) to show students that their definition is not effective. 

[16] S6: “That it is also, let me say, orthogonal. I don’t know exactly how” 

[17] T: “Why orthogonal?” 

[18] S8: “To what?” […] 

[19] S9: “Can it be orthogonal to the ray of the circle which best 

approximates the curve, can it not?” […] 

[20] T: “So, the tangent to the circle which best approximates the function 

in that point. It is possible to do so, but it arises the problem to find the 

circle which best approximates… It is more difficult from the beginning.” 

pointwise 

pointwise 

& local 

local 

The pointwise property [16] is due to students’ reference to the tangent line 

in the case of a circle [19]. This is one of the tangent images that T1 wants 

to undermine. Nevertheless, it is interesting that S9 tries to relate what she 

knows with the new given situation, introducing a local view [19-20]. 

[21] S10: “There are two methods…” 

[22] T: “Two methods for what?” 

[23] S10: “To calculate the tangent: Δ=0 that was valid for hyperboles, 

parabolas and circles; and then the so called method of doubling. I thought 

about them, but I don’t understand how to…” 

[24] T: […] “Δ=0. It is possible to apply it here? […] Why does Δ=0 

method work for the curves we studied two years ago?” 

[25] S5: “Because they are of II degree.” 

[26] T: “And then?” 

[27] S1: “They have Δ.” 

[28] T: “Since the equation is of II degree, at the end I have a II degree 

solving equation and then, by imposing Δ=0, what am I requiring?”  

[29] S1: “That it has only one solution.” 

[30] S3: “Two coincident solutions.” 

[31] T: “Two coincident solutions. […] But if I take something like this 

(Fig. 2) which is its degree?” 

[32] S4: “At least third.” 

pointwise 

pointwise 

pointwise 
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[33] T: “Clearly the solving equation will be of third degree. […] And I 

would like to say that it has two coincident solutions, but I can’t because 

there isn’t Δ.” 

pointwise 

Someone reminds the algebraic Δ = 0 method, which was successful with 

conics, which they studied in the previous years [21-23]. T1 points out the 

ineffectiveness of that process for a generic function [24-33] and stresses its 

pointwise aspect [29-30 e 33]. 

Fig. 3 

[34] S11: “It must all lie in the same half-plane, 

except the point.” 

[35] T: “What do you mean?” 

[36] S11: “A function detects two half-planes.” 

[37] T: “Yes. They aren’t half-planes, but regions 

of plane.” 

[38] S11: “Ok. And the line must always lie in the 

same region of plane.” 

[39] T: “Yes. Always?” 

[40] S11: “In the interval” (measuring a short 

distance with his hands) 

[41] T: “Locally. All we are saying is only local. 

[…] Ok, S11. And if I draw a function like this 

(Fig. 3) and I ask you to find the tangent in this 

point (indicating the inflection point). Is there the 

tangent in that point or not?” 

[42] S6: “It tends to coincide with the function.” 

[43] S5: “Is it like when we studied sinx that was 

asymptotically equivalent to y=x, isn’t it?” 

[44] T: “Had we the tangent in that case?” 

[45] S7: “There is the tangent but it doesn’t work 

the reasoning based on regions of plane.” 

global 

global 

global 

global 

local 

local 

local 

local 

local 

Another student makes a global proposal [34-38], then corrected into a local 

one [39-40]. T1 makes explicit that they are thinking locally [41] and shows 

a local graphical counterexample (41, Fig. 3) of the tangent line in an 

inflection point. 

Students are now completely disarmed on the pointwise and global 

fronts, but this last counterexample (41, Fig. 3) reminds them the asymptotic 

equivalence property (42-45). Eventually, one of the students proposes a 

local property: “Can the tangent line be the line which best approximates the 

function in a neighborhood of that point?”. This is one of the possible ways 

to correctly define the tangent line to a function. The teacher succeeds in 
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undermining the pointwise and global definitions given by the students. Her 

remarks and counterexamples address students to a local perspective that 

they hadn’t before, because they were stuck in the geometrical and algebraic 

frames. Students enter the functional frame when they reach the local 

tangent line definition by themselves. 

Through the praxeological lens, we notice that a new technological level 

has been accomplished with the introduction of the new local perspective. 

After, teacher and students discuss on the evident need to elaborate a proper 

technique to find the tangent line.  

Teacher 2 (T2). The second episode is taken from T2’s third lesson about 

derivative. Her didactical task is to introduce the derivative function. She 

has done a preliminary work on the graph of the derivative, querying a 

student. Then, she proposes another activity to the whole classroom, in 

order to systematize their first insights about the graphical relationship 

between f and f’. Not to create difficulties in calculation and study, which 

would diverted students’ attention from the goal of the activity, T2 chooses 

polynomial functions, knowing that her students were familiar with them. 

She invents an equation on the spot, f(x) = 1/3 x
3 

– 1/3 x
2
 – 2/3 x, so that its 

derivative is a parabola. 

T2 explicitly gives the tasks: “On function f, let’s do this work: let’s 

determine the values of the function at some points, then determine the rates 

of instantaneous variation [gradient m] in each of these points and try to 

understand where the function is increasing, decreasing and where it is 

stationary. […] The idea is to draw the third degree function and then to 

draw its derivative function, to see the existing links [between the two 

graphs]”. Notice that the tasks are initially pragmatic (let’s determine, 

draw…) to become more analytical and arguing. Using Chevallard’s 

construct, this corresponds to expected work at both levels: technical and 

technological. 

Moreover, the tasks which students are already able to do (determine values 

of f, draw graphs and recognize properties on intervals) are pointwise and 

global. Instead, the last question, that is the goal of the activity, requires a 

local perspective, which is lacking for students. 

Further, the teacher chooses also the techniques to approach the given tasks. 

In particular, T2 employs, as usual, the right blackboard for the treatment (in 

the sense of Duval) of f and f’ in the numerical-algebraic register, and the 

left blackboard for their graphical treatment.  
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Fig. 1 (right board) 

Fig. 2 (left board) 

Fig. 3 (right board) 

Fig. 4 (left board) 

[1] To determine some values of f, T2 suggests 

the numerical technique of the table of values x, 

f(x) (Fig. 2) and calculates each value by 

substitution. 

[2] Then, T2 draws the graph of f, by 

interpolating the calculated points and using 

students knowledge about a cubic trend. 

[3] T2: “Let’s do the limit of the incremental 

ratio, we will find the derivative function, that is 

m(x), and then we’ll be able to fill the table in, 

because we’ll give our values of x”. 

[4] T2 asks a student S to algebraically calculate 

 (Form. 1) in the generic point x. 

He obtains  x
2
 – 2/3 x – 2/3. 

[5] S calls limit result  f’(x) and fill the table in 

(Fig. 3) by substitution.

[6] S recognizes the limit result as a parabola. So, 

he finds the vertex V and the intersections with 

axis x with the well-known algebraic formulas: 

V coordinates ( -b/2a, f’(-b/2a) ) and system 

between y = 0 and f’(x) = 0. 

[6] Then, S draws the parabola on the left 

blackboard near the graph of f (Fig. 4). 

pointwise 

pointwise 

& global 

local 

global 

pointwise 

local & 

pointwise 

global& 

pointwise 

global 

pointwise 

pointwise 

global 

Beside the dialectics algebraic-graphical (work on the two blackboards), it 

takes place another interesting dialectics of pointwise-global-local 

techniques. The interweaving of different techniques, which are pointwise 

(1 e 5), local (4), and global (2 e 6), succeeds in giving m=f’ the same status 

of function, which f has. T2 technologically supports, with explicit 

justification (3), only the local technique (4, Form. 1). With her words, the 

teacher reminds students that calculating a limit (Form. 1) in a generic point 

x leads to the derivative function. Giving meaning to the work in the 

algebraic domain, she sets the stage to work on derivative function as an 

object in the functional domain. 
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Nevertheless, students have internalized the limit technique as a pointwise 

algebraic tool that allows them to find the derivative. They lack the local 

implications of formula 1. T2 aims to introduce this local perspective. 

From this moment on, T2 acts at a technological level. She promotes the 

work on the graphs they now have side-by-side, starting from the results of 

calculation, namely the intersections of f’ with axis x, x1 and x2. She 

translates these pointwise information about f’ into local information about f 

trend. She locally adjusts the graph of f, deleting and drawing it again in a 

neighborhood of x1 and x2. 

Finally, T2 stresses some global graphical correspondences between f and f’. 

She makes use of gestures to indicate positive/negative intervals of f’ and 

increasing/decreasing intervals of f.  

Conclusions 

T1 and T2 have different goals: to reach a local definition of the tangent 

line, for T1, and to relate the graph of f’ to that of f , for T2. 

On their way, both teachers have to face algebraic techniques, which are 

rooted in students practices and whose nature is pointwise and global. For 

instance, computing Δ=0 method and algebraically calculating the limit 

only entail pointwise and global reading. T1 obtains to work on the tangent 

line as a local approximation of f and T2 to work on the relationship 

between f and f’. They are both works in the functional domain and to be 

effective teachers need to activate a local perspective. 

The common denominator of the two episodes, and the reason why I chose 

them, is how T1 and T2 add the lacking perspective. In both cases, the 

introduction of the local dimension occurs gradually. The teacher recollects 

global and pointwise information, which students already have, making 

evident the need to adopt a new point of view to complete their piece of 

knowledge. So, the local perspective is not drastically imposed, but 

interweaved with the existing ones. This results show that the dialectics of 

perspectives on functions can be a powerful didactical instrument, when it 

aims to introduce a new point of view among the others. 
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