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Abstract :	 In this paper I want to focus the attention on a specific mathematical content of the secondary 
curriculum: the derivative concept. Drawing on the work done in my PhD thesis, I outline two moments of 
the didactic transposition (Chevallard, 1985) of this notion in the secondary school. More precisely, I focus 
on the introduction of the derivative through the problem of the tangent to a generic function within two 
textbooks and in the case of a teacher in her grade 13 classroom. The aim is identifying how the local 
dimension intervene in the work on the function that has to be differentiated.   

Résumé :	Dans ce papier je veux focaliser l’attention sur un contenu mathématique spécifique du curriculum 
secondaire : le concept de dérivée. En m’appuyant sur mon travail de thèse, je mets l’accent sur deux 
moments de la transposition didactique (Chevallard, 1985) de cette notion dans l’enseignement secondaire. 
Plus précisément, je me concentre sur l’introduction de la dérivée à travers le problème de la tangente à une 
fonction générique dans deux manuels et dans le cas d’une enseignante dans une classe de terminale 
scientifique (en Italie, élèves de 18-19 ans). L’objectif est d’identifier comment la dimension locale 
intervient dans le travail sur la fonction à dériver.   

Introduction 
In the secondary teaching, the derivative is one of the first and fundamental concepts of Calculus. It 
evokes and calls into question competences, notions and registers which are proper to the algebraic 
or the geometrical domain. In particular, it involves functions and their properties, limits and also 
geometrical objects such as the tangent line. At the same time, the derivative permits to solve 
several problems belonging to the Calculus domain, such as optimization problems, zeros 
approximation methods, primitives of functions, and many others. Therefore, the introduction of the 
derivative notion represents a crucial node for students, and also for teachers. 

In Italy, this moment occurs at the last year of upper secondary school (grade 13). As I could verify 
working with some teachers during my PhD, the derivative notion is considered as a cornerstone in 
the mathematics curriculum of the last year of secondary school, with relevant applications to 
physics. Their experience shows teachers that learning the rules to differentiate a function is quite 
simple and automatic in terms of computation. Nonetheless, conceptualizing the derivative as a 
mathematical object, and in particular as a function, for then reemploying it as a tool (Douady, 
1986), may not reveal so immediate. One of the aspects that make this process difficult is fostering, 
on the teachers’ side, and grasping, on the students’ side, a local dimension in the work on the 
function that has to be differentiated. 
With a particular interest in the teaching practices with the derivative concept in secondary school, I 
articulated my study around the following research question: how does the local dimension 
intervene in the development of derivative-related practices? In particular, I focused on the role 
given to the local work on functions in the intended curriculum (mathematics to be taught) and in 
the implemented curriculum (taught mathematics) when such practices are introduced7. 

                                                
7 The expressions intended and implemented curriculum were introduced by the Second International Mathematics 
Study (SIMS) in the 70s-80s, along with that of attained curriculum, which consists in “the mathematics that the student 
has learned and the attitudes that the student has acquired as a result of being taught the curriculum in school” (Mullis & 
Martin, 2007, p.11). 
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Theoretical framework 
This study is grounded on the Anthropological Theory of the Didactic (ATD), which has been 
elaborated and disseminated by Chevallard during the last thirty years (Chevallard, 1985, 1992, 
1999; Bosch & Gascón, 2006). My focus is on the didactic transposition of the derivative concept in 
the secondary school context. The didactic transposition is a process that 

“starts far away from school, in the choice of the bodies of knowledge that have to be transmitted. Then 
follows a clearly creative type of work – not a mere ‘transference’, adaptation or simplification –, namely 
a process of de-construction and rebuilding of the different elements of the knowledge, with the aim of 
making it ‘teachable’ while keeping its power and functional character.” (Bosch & Gascón, 2006, p.53). 

Within such a frame, I coordinate three theoretical lenses coming from three different theoretical 
approaches. In order to describe the intended and implemented teaching practices, I refer to the 
notion of praxeology, which is central in the ATD. A praxeology consists of a type of task, a 
technique to solve it, the justification that such a technique is efficient and the theoretical arguments 
that support this justification. For instance, among the praxeologies related to the derivative 
concept, it is particularly relevant the one that allows determining the equation of the tangent line to 
a generic function at a point. The peculiarity is that this praxeology has been already practised with 
conics in grade 9-11, with techniques and justifications whose validity is not extendable to a generic 
curve. From the teachers’ point of view, reworking this praxeology permits to introduce the 
derivative as a fundamental tool to solve the type of task in the generic case. Thus, we distinguish 
two planes: 
- the mathematical praxeology that has to be constructed around the type of task of determining 

the equation of the tangent (Ttangent in the following); 
- the didactic praxeology that consists in the teacher’s organisation and management of the 

development of the mathematical praxeology, through different didactic moments. 
I am referring here to the model of the didactic moments elaborated by Chevallard (1999) 
distinguishing different (but not ordered) steps in the construction and the practice of a praxeology 
that determine the teacher’s didactic praxeology. More precisely, I am interested in 

- the moment of the first (significant) meeting with the task; 
- the technical moment, where a technique is developed or at least an embryonic form of it; 

- the technological-theoretical moment, where the justifications for the techniques are formulated 
and grounded on a specific theory.  

Working on Ttangent entails introducing a local regard on the function that has to be differentiated. A 
key question is: how this local dimension is introduced? 

In order to detect if and how a local work is done on the function, I use the lens of the perspectives 
(Rogalski, 2008; Maschietto 2002; Vandebrouck, 2011), that are different ways to regard a function 
while working on it. We can recognise that a certain perspective is adopted on a given function f if 
certain properties of f are exalted. One can be interested in a pointwise property of f that is valid at a 
specific point (e.g., f(2) = 4, x=3 is a zero of f). In this case, the enhanced perspective on the 
function is pointwise. Moreover, one can consider the function as a whole object or some global 
properties of it that are valid in a given interval (e.g., f is even, f is increasing in [0,1]). In this case, 
the enhanced perspective on the function is global. In addition, and this is the case of the 
differentiability property, one can concentrate on a local property of f that is valid in a 
neighbourhood of a given point (e.g., f is discontinuous in x=2, f has a maximum point in x=1). In 
this case, the enhanced perspective on the function is local, in the sense that it highlights property of 
the function that are valid on a family of neighbourhoods that contain the given point. It is not 
enough to know what value the function takes at that point, and it is not necessary to choose a 
particular interval: a local property is valid for an infinity of open intervals containing the point. 
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In order to recognise the perspective adopted on a function, it is certainly important to know what 
has been said or written about the function. Nevertheless, if we apply this lens for analysing 
teachers or students working on functional objects, we realise that it is the combination with other 
semiotic resources, different from the oral or written speech, that actually inform us of the adopted 
perspective. Therefore, I consider the semiotic bundle (Arzarello, 2006) as a third lens for analysing 
the semiotic resources activated by the teacher and the students during the work with functions, and 
their mutual relationships. The semiotic bundle is defined as a bundle of semiotic sets (speech, 
gestures, sketches, drawings, symbols, …), their internal relationships, and the coordination 
between two or more resources that are simultaneously active. The great variety of semiotic 
resources that can be activated by the teacher or the students while working on Ttangent can exploit 
different registers of representation (algebraic, symbolic, graphical, etc.) on functions and reveal or 
hide a particular perspective on them. When different semiotic resources (e.g., speech and gestures) 
converge to underline the same perspective on a function, this unity may enhance such a perspective 
and foster its activation. However, it is also possible that two or more different semiotic resources 
simultaneously active highlight different perspectives on a function. 
Through the presented theoretical framework, I approach my research question in the following 
terms: how the derivative-related praxeologies are constructed and how the local perspective 
intervene in this process? 

Methodology 
In this paper, as I said above, I focus on the transposition of the derivative in the intended 
curriculum and in the implemented one. I concentrate especially on scientific high schools, where 
we can suppose to find a more intensive local work on functions. As for the intended curriculum, I 
consider in particular the praxeology for determining the equation of the tangent in two of the most 
widespread textbooks in Piedmont (Turin region): Bergamini et al. (2013) and Sasso (2012). As for 
the implemented curriculum, I propose the case of a teacher dealing with the introduction of the 
derivative in her grade 13 classroom. It is one of the three case studies that I observed and analysed 
for my PhD thesis. The teacher used one of the analysed textbooks. I interviewed her before 
entering the classroom about her usual practices and plans for the lesson. I chose to present this 
particular case because something in the lesson led her to modify her usual practices. The 
interesting unexpected outcome is that her didactic transposition of the derivative did not turn out to 
be a transposition of the textbook one.  

Textbooks analysis 
As far as Ttangent is concerned, in the analysed grade 13 textbooks, we can recognise the didactic 
transposition of one of the “scholarly” definitions of differentiable function (see for example 
Bramanti et al. 2000, p.171) 

DEF. Let f : (a,b) à R . We say that f has derivative at x0 in (a,b) if 

 

exists and is finite. This limit is called first derivative of f at x0 and it is denoted with f’(x0). 

The straight line whose equation is y = f(x0) + f’(x0)(x-x0) is called tangent line to the graph of f at the 
point (x0, f(x0)). 

Indeed, at the beginning of the chapter on the derivative within both Bergamini et al. (2013) and 
Sasso (2012), the following phases are developed. 

First of all, the problem of the tangent to a generic function is introduced and the tangent line is 
seen as the limit of a dynamic secant line or a sequence of secant lines (see Fig. 1). 
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Fig. 1: The tangent as the limit of a sequence of secants (Sasso, 2012, p. 259). 

Thus, firstly, the gradient of the secant line is found and then the limit as h goes to 0 is applied in 
order to obtain the gradient of the tangent line: 

 
Finally, the derivative is defined as this limit if it exists and is finite. 
Basing the analysis on the perspectives, we can notice that in a first phase pointwise and global 
perspectives on the function are activated with the work on the secant line. Then, the limit symbol is 
introduced and the local perspective suddenly intervenes. 

Through the lens of the semiotic bundle (here we have words+graph+symbols), we can detect a 
potential, but rather implicit, activation of the local perspective. The local perspective on functions 
is potentially activable by a student who disposes of this material. Nevertheless, it is difficult 
without any mediation to correctly establish the relationships among the words that dynamically 
describe the static graph on the page (e.g., “Q is approaching P”, “as Q gets closer and closer to P”)  
and the introduced symbol: limhà0. 

Case studies analysis 
Two of the observed teachers transpose the textbook transposition in their classroom. As it happens 
on the textbooks, they resort pointwise and global perspectives on the graph of a generic function, 
by using the secant line as an intermediary. Then, the introduction of a local dimension is delegated 
to the limit symbol, which is justified through terms of movement, such as “Q is approaching P” or 
“as Q gets closer and closer to P”. 
I propose the analysis of a different didactic transposition: the case of V. In the preliminary 
interview, to the question “How do you introduce the derivative notion?”, V. answers that she 
usually starts with the tangent line definition. Indeed, in classroom she immediately poses the 
problem of defining the tangent to a generic function at a given point. In particular she asks to 
students: “Which properties must a tangent line have?”. An open discussion arises and the students, 
as V. expected, recall all the operational definitions and techniques they used with conics. Within 
the model of the didactic moments, we can recognise that this first phase of the lesson is devoted by 
the teacher to a technological-theoretical discussion around the problem of the tangent in the case of 
a generic function. The main concerns indeed consist in defining the mathematical object they are 
working with and explaining why all the conics-related techniques are no longer successful. V.’s 
intention, as she declares before the lesson, is disarming the students of all their previously used 
techniques and introducing the derivative as a tool to solve the generic type of task Ttangent. 
Nevertheless, the discussion in classroom produces an unexpected but correct definition of tangent. 
Let us analyse the key moments of the discussion through the lenses of the perspectives and of the 
semiotic resources. 
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The first definition proposed by a student (S1) is: the tangent intersects the curve at a single point.  
1 S1: [the tangent] must intersect [the function] at a single point. 

2 S2: […] But, if it is so, not all the points has a tangent line ... I’m imagining a sloped 
function (tilting his hand) then maybe the tangent line in that case could intersect 
the function in another point, right? 

3 V: […] So, are you thinking of something like this? (She sketches the curve in Fig. 2) 

4 S2: Yes, there is the tangent line but it touches other points of the function. 

5 V:  For example, if I search for the tangent line here? (She points at the maximum 
point on the curve, see Fig. 2) How do I imagine it? 

The first definition (line 1) enhances a pointwise perspective on the function, exalted by the 
pointwise speech indicators “at a single point”. Leaning on S2’s global remark (line 2), V. proposes 
a graphical non-example (line 3, Fig. 2). Her global sketch of a whole section of the graph on an 
interval contextualises her pointwise pointing gesture on it (“here” in line 5, Fig. 2), in order to 
foster the students to look at the whole graph of the function, in a global perspective. 

Another student (S3) proposes to localise this definition by adding “in a suitable interval”, but the 
definition remains pointwise. 

6 S3: To avoid what S2 said, we can take a suitable interval (moving his two indexes up 
and down together, as in Fig. 3) where the tangent line satisfies our conditions. 

7  V: So, we limit the zone. 

8 S3:  At that point, if I want a tangent line to a point in that interval, I can do it without 
any other intersection of the line in that interval. 

9  V:  […] So, we take a point, wherever we want, this one (x0, y0), we limit to a suitable 
neighbourhood (she sketches the situation at the white board, see Fig. 4) and what 
do we require there? 

10  S4: There, that the line intersects [the function] only at that point. 

11  S5:  It is not enough. 

12  V:  It is not enough, why? […] It could do so (she draws the situation in Fig. 5). 

With his words (line 6), S3 makes a limiting gesture with his fingers (Fig. 3) that the teacher 
reproduces at the whiteboard as two vertical lines around the point (Fig. 4). Although the student’s 
gesture (Fig. 3), strengthen by the teacher’s sign on the graph (Fig. 4), has already the intention of 
enlarging the pointwise perspective of the first definition, the speech indicators at this stage are 
global for the student (“a suitable interval”, line 6, “in that interval”, line 8) and local only for the 
teacher (“a suitable neighbourhood”, line 9). The proposed definition (line 10) amended by “there” 
that means “in that interval” falls again in the pointwise perspective. The local handholds are too 
weak to make the students enlarge their perspective. However, S5 recognises that this property is 
not enough (line 11) and, leaning on his intervention, V. makes a graphical counterexample that 
exalts the pointwise character of the given definition (Fig. 5). 

  
Fig. 2: V.’s non-example to the first definition. Fig. 3: S3’s gesture for “a suitable interval”. 
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Fig. 4: Teacher’s sign | | reproducing the 

student’s gesture. 
Fig. 5: V.’s counterexample to the first 

definition. 

The third proposed definition is pointwise: the tangent is the perpendicular to the radius of the 
circle, to which one of the students locally adds “the circle that best approximates the curve”. The 
teacher then recognises that it can be a correct approach, but technically too difficult for them. 
Thus, another student (S6) further proposes: the tangent must all lie in the same region of plane. 

13  S6:  It must all lie in the same half-plane, except for the point. 

14 V: What do you mean? 

15  S6:  A function detects two half-planes. 

16 V: Yes. They aren’t half-planes, but regions of plane. 

17  S6: Ok. And the straight line must always lie in the same region of plane. 

18 V: Yes. Always? 

19  S6: In the interval (measuring a short distance with his hands, as in Fig. 6) 

20 V: Locally. All we are saying is only local (she sketches two vertical lines on the 
white board) [...] Ok, S6. And if I draw a function like this (she sketches the curve 
in Fig. 7) and I ask you to find the tangent in this point (indicating the inflection 
point). Is there the tangent in that point or not? 

21 S7: It tends to coincide with the function. 

22 S3:  It is like when we studied sinx that was asymptotically equivalent to y = x, isn’t it? 

23 V: Did we have the tangent in that case? 

24 S5: There exists the tangent but the reasoning based on the regions of plane falls. 
S6 formulates the global definition, speaking about half-planes, then corrected in regions of plane 
by V. (lines 13-17). Prompted by the teacher (line 18), he adds “in the interval” (line 19) making 
the same limiting gesture as before (see Fig. 3 and Fig. 6). V. again converts this gesture in two 
vertical lines on the whiteboard, but she strengthens the local feature of this shared sign, 
accompanying her sketch with the words (“Locally. All we are saying is only local”, line 20). Then, 
she proposes a local graphical counterexample where the tangency point is an inflection point (Fig. 
7). This graph not only fosters the students to reject the claimed property (line 24), but also evokes 
the case of y = sinx and y = x (line 21-22). In the previous months, V. has made the students work 
on remarkable limits like sinx over x going to 1 as x goes to 0, by speaking in terms of asymptotic 
equivalence and supporting graphically this property. 
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Fig. 6: Student’s gesture 

for “in the neighbourhood”. 
Fig. 7: V.’s counterexample 
to the student’s definition. 

Thus, finally, a student proposes a correct local definition: the tangent is the straight line that best 
approximates the given curve in the neighbourhood of the point, and S6 writes an equality at the 
whiteboard (Fig. 8). We can interpret it as a previous technique (linked to the asymptotic 
equivalence property and the remarkable limits), re-employed at the level of justification in relation 
with the given definition.  

 
Fig. 8: Equality proposed by S6 to express that f(x) and mx+q are asymptotically equivalent. 

V., confronted to this unexpected further development by the students, says: “It is an approach that 
I have never tried before. Let’s try together now”. The definition and the equality given by the 
students lead to the target technique, but through a technology that the teacher has not pre-prepared. 
V. works on S6’s justification and a graphical-symbolical reformulation of the type of task allows 
her to find the right technology from which the gradient of the tangent m can be deduced. In 
particular she applies a vertical translation to the x-axis of the vector (0,f(x0)) which permits her to 
compare the infinitesimals CB and AB as x goes to x0 (see Fig. 9). She accompanies this action on 
the graph by saying  

25 V: Why it [the equality proposed by S6, Fig. 8] doesn’t give me the idea of asymptotic 
estimate? Because the asymptotic estimate is valid for infinitesimal quantities, 
which go to 0. Thus, here first of all I need an indeterminate form 0 over 0, the two 
quantities must go to zero, and then I compare the speed with which they go to 
zero. 

By expressing CB and AB in symbols, she can finally write the equality in Fig. 10.  

  
Fig. 9: V.’s graphical reformulation of Ttangent. Fig. 10: The right technology to find m. 

With the lens of the praxeology, V.’s local words, graph activity and symbols (Fig. 10) can be 
interpreted as the justification for the technique for finding m. Such a justification is supported, at 
the theoretical level, by the local asymptotic equivalence property. Within the model of the didactic 
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moments, this second phase can be interpreted as the strict interrelation between the technological-
theoretical moment and the moment of elaboration of a technique for determining the gradient m of 
the tangent and then for finding its equation. Starting from the theoretical definition of tangent and 
from the asymptotical equivalence property, the technology is formulated using the graph (Fig. 9), 
the speech (“the asymptotic estimate is valid for infinitesimal quantities, which go to 0”, “an 
indeterminate form 0 over 0, the two quantities must go to zero”, line 25) and the symbols (Fig. 10) 
in order to find the target technique for Ttangent: 

 
The complete mathematical praxeology for Ttangent constructed by V. and her students is summed up 
in Table 1. 

Ttangent Determining the equation of the tangent to a function f at the point x0. 

Technique 
 

Technolo
gy 

Among all the straight lines passing through (x0, f(x0)), the tangent is the one that best 
approximates the function. 
The infinitesimal quantity f(x) - f(x0) is asymptotically equivalent to the infinitesimal 
quantity m(x-x0) (see graph in Fig. 9). The condition 

 
is then satisfied. 
Since m is a constant we can bring it out of the limit sign, obtaining: 

 

Theory 

- Definition of tangent as the straight line that best approximates the curve in the 
neighbourhood of a point. 
- Property of being asymptotically equivalent. 
- Analytic equation of a straight line. 
- Limit theory. 

Table 1. Mathematical praxeology for Ttangent. 

Discussion and conclusion 
Analysing this classroom experience allows us to retrace the didactic moments of the development 
of a mathematical praxeology for determining the equation of the tangent. It comes out a didactic 
transposition of the derivative that is not transposed from the textbook transposition. The local 
perspective on the function that has to be differentiated is present in the speech (e.g., “the 
asymptotic estimate is valid for infinitesimal quantities, which go to 0”, line 25). It is marked by the 
students’ gesture (see Fig. 3 and 6) and by the teacher’s sign at the whiteboard (see Fig. 4). This is a 
sort of semiotic game (Arzarello & Paola, 2007) where 

“the teacher uses one of the shared resources (gestures) to enter in a consonant communicative attitude 
with his students and another one (speech) to push them towards the scientific meaning of what they are 
considering” (Arzarello & Paola, 2007, p.23). 

In the case of V., the relationship between the semiotic resources is more complex. Indeed, the 
teacher exploits one of the shared gestures, but without repeating it. In recalling it, she changes the 
semiotic resource, converting the gesture into the written sign “| |” and accompanying it with a 
meaningful mathematical speech, which prompts the students from a global perspective on “the 
interval” to a local perspective on “the neighbourhood”. This semiotic game is an important 
strategy of the teacher for enhancing the local perspective. She starts from the way the students 
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refer to an interval without specifying if their perspective is global or local on the function, and 
constructs on it the reasoning within a local neighbourhood. 
A turning point for the work in the classroom is represented by the teacher’s local counterexample 
of the tangent at the inflection point (Fig. 7). Through the graphical sign, V. unconsciously evokes 
in the students’ mind the case of y = sinx which is asymptotically equivalent to y = x as x goes to 0. 
The recalling of this property and of the related praxeology leads the students to propose a 
completely local definition of the tangent enriching the theoretical base. In addition, one of the 
student proposes a hint of technology supported by such a theoretical base, introducing a possible 
symbolic formalisation. It is from this moment on that the teacher starts manipulating symbols. The 
local perspective, which has been gradually developed and strengthen by the definition of tangent, 
is thus transferred to symbols lim and x à x0 that are proposed by the students and borrowed by the 
local praxeology of the remarkable limits. The local dimension on the generic function f is 
conveyed by the reasoning in a neighbourhood, which is inherent in the idea of best linear 
approximation. 
In the technological part of this praxeology, the justifying speech is centred on the definition of the 
tangent as the best linear approximation of the function in a neighbourhood of the point. There is no 
allusion to pointwise and global aspects of the function referring to a secant becoming tangent or to 
global increments that has to be reduced. The local perspective on the function permeates each part 
of the praxeology.  
In conclusion, this didactic transposition of the derivative notion could represent a challenging but 
also powerful alternative to the traditional scheme, whose procedure appear sometimes obscure and 
artificial for students. 
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